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Abstract—L egged robots are well-suited for operation in
challenging natural environments, such as steep obstacles or
vast gaps in the ground. Aside from difficult terrain, robots
may also encounter unanticipated impact forces while
performing jumping gaits. When performing their gaits,
legged robots should be able to maintain and regain their
stability in the face of external perturbations. External
disturbances should be detected, and necessary actions
should be taken to maintain the robot’s balance in order to
ensure optimum landing conditions. This paper considers
flight phase disturbances in the form of a push on the robot
body and introduces a novel push recovery algorithm that
uses angular momentum to generate reference trajectories
for a quadrupedal robot with waist joints during the flight
phase of a long jump. This method creates joint position
reference trajectories for the quadrupedal robot's waist and
rear hip joints in order to achieve the required orientation of
the robot in the air. In order to track reference trajectories,
PID joint control is utilized. The robot model employed for
the computations is comprehensive because components of
the robot body - the leg links and three torso sections - are
represented with independent mass values. The proposed
push recovery trajectory generation approach is
computationally efficient and hence suitable to be employed
in real-time applications. The suggested method is used to
simulate a quadrupedal robot to test the push recovery
algorithm following external disturbances in the flight phase
of a long jump. The results demonstrate that the suggested
approach performs well in terms of angular position and
angular velocity accuracy and it can achieve a posture
suitable for landing.

Index Terms—quadrupedal robot, free-fall manipulators,
legged robots, jumping motion, trajectory generation, push
recovery

I.  INTRODUCTION

Mammals have an uncanny ability to plan and execute
complicated actions appropriate to the terrain and job at
hand, for instance, leaping to cross a gap in the terrain.
Although animals can successfully navigate rough terrains,
nature-inspired robots need to plan and execute dynamic
behaviors to navigate the most difficult terrains. Legged
robots have a significant capability for use in challenging
natural environments. Legs give significant mobility for
negotiating uneven terrain, particularly high barriers or
large gaps in the terrain. In addition to rough terrain
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conditions, robots can face unexpected impact forces
while performing jumping gaits. Being pushed by another
robot or living organism, bumping into trees or rocks, and
being hit with foreign objects are among examples of
external effects. Legged robots should successfully
maintain and restore their stability against external
disturbances when performing their gaits in an irregular
natural environment or lacking contact points. The
external disturbance should be noticed as early as possible,
and appropriate measures should be taken to preserve the
balance of the robot in order to achieve conditions for
successful landing. Posture recovery after a push on the
robot body can enhance the functionality of a legged robot
greatly.

Several study data address a robot's capacity to restore
its position following a disruption of the robot movement.
One of the main strategies for balance recovery of a
bipedal robot while walking after an external disturbance
is the machine learning method [1]-[13]. Foot placing
strategies in order to regulate the center of mass (COM)
position of humanoid robots in response to external
perturbation are employed widely [14]. In addition to foot
placing, replanning locomotion mode strategies involving
walking, running, and hopping can be employed [15]. Zero
Moment Point (ZMP) based walking pattern generation is
another approach for foot placement of bipedal robots [16],
[17]. Foot placing strategy is an effective way of
maintaining the stability of robot gaits. However, it can be
used only when there is contact with the ground.

Humanoid robots are widely modeled via Linear
Inverted Pendulum Models (LIPM) to adjust the trajectory
of the center of mass (COM) in order to maintain balance
and stability in walking and push recovery [18]-[24].
LIPM can also be employed for quadrupedal robots. LIPM
based foot placement strategy for push recovery of a
quadrupedal walking robot is proposed in [25]. A linear
inverted pendulum and flywheel model is applied on a
quadrupedal robot modeled as a bipedal robot to achieve
stable walking while being subject to an external
disturbance [26]. In the LIPM, the robot is modeled as
single mass and robot parts such as legs are modeled
massless. This leads to relatively large modeling errors. In
[27], an optimization problem is defined to calculate the
admissible main body accelerations such that the
quadrupedal robot achieves a stable gait and the support
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feet do not slip under external disturbances. A foot
placement strategy has been developed for a quadrupedal
robot in order to achieve a stable trot gait with a stable
posture in [28].

Angular momentum is one of the main variables of
concern for posture stabilization of legged robots while
performing hard to balance gaits or for push recovery
scenarios. The flywheel with the LIPM provides a
technique to include the angular momentum of the robot
for posture stabilization. The method is employed for push
recovery of bipedal robots while performing walking gaits
[29]-[32]. Inverted pendulum model with angular
momentum is also employed for push recovery of bipedal
walking [33]-[35], and postural stability [36]. Angular
momentum can also be used for footstep modification for
bipedal robots in maintaining the balance of walking gaits
[37], [38] and push recovery scenarios [39], [40]. Another
similar method is planning angular-momentum-rate-of-
change trajectories to reduce recovery step length after
external disturbances [41]. Hip and ankle strategies can be
used with angular momentum for postural balancing of a
bipedal robot [42] or walking stabilization under external
perturbations [43]-[46]. Angular momentum of COM can
also be utilized for whole-body controllers to regulate joint
torques to achieve stable walking and push recovery of
legged robots [47]-[49]. Angular momentum calculations
in these studies are mainly performed for a single mass
located at the COM position of the legged robots.
Consequently, the arms and legs of robots are not included
in angular momentum computations in these models. This
causes modeling errors. In [50], a five-mass model for
angular momentum calculations is presented for push
recovery of the humanoid robot model to obtain a more
accurate model.

The common factor of the above mentioned methods is
that robots have at least one contact point with the ground.
Therefore, robots can be modeled as linear inverted
pendulums, or foot placing strategies can aid robots to
balance since ground reaction forces can be employed to
cancel angular momentum caused by external
disturbances. In the flight stage of a long jump, robots do
not contact the ground, and therefore ground reaction
forces are no longer applicable. In addition, modeling a
robot in the flight stage with a single mass is impractical
since the angular momentum of the robot will solely
depend on the motion of various robot parts such as legs.

This paper proposes a novel reference generation
algorithm using angular momentum for push recovery of
a quadrupedal robot with waist joints in the flight phase of
a long jump. This algorithm generates reference curves for
waist joints and rear hip joints of the quadrupedal robot in
order to achieve the desired orientation of the robot in the
air. The robot model used for the calculations is detailed,
so every part of the robot body, such as legs and three torso
parts, is modeled as an individual mass. Moreover, the
trajectory generation method is computationally efficient
enough to be used in real-time applications. Finally, the
proposed algorithm is employed in a quadrupedal robot
simulation to demonstrate posture recovery after external
disturbances in the flight phase.
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1. METHODOLOGY

A. Push Recovery Algorithm

The trajectory generation method uses the desired and
actual values of body angular position and velocity. It is
assumed that these variables are available. Since the
workspace of the robot is three dimensional, three
equations can be employed. In order to achieve desired
angular position and velocity, three joints are chosen to
manipulate the overall angular momentum of the robot
body in the flight stage of a long jump. The discretized
angular momentum expression is

L(t + At) — L(t) = T X At, (1)

where t istime, L(t) is angular momentum with respect to
robot coordinate frame (Fig. 1) at time t, At is a single
time step in discretization, and t is the torque acting on the
quadrupedal robot. T can be calculated as

T=1rMx M x g, 2)

where %M s the position of robot COM with respect to
robot coordinate frame, M is the total mass of the robot,
and g is the gravitational acceleration. Angular
momentum at time ¢ can be found by

L(t) = I, X wp (1), ®)

where I, is the moment of inertia of the total robot body
with respect to the robot coordinate frame. w (t) is the
angular velocity of the robot body. Angular momentum at
time t + At can be expressed as

Here, w, 4 is the desired angular velocity of the robot
body, w; is the angular velocity of a chosen robot joint and
I; is the moment of inertia of the moving robot part
because of chosen robot joint. The moment of inertia of

different components of the quadrupedal robot is
calculated such as
1 2 2
ICX = Em X (ly + lz)
1 2 2
Iy = ™M x (IZ+19) (5)

1
Icz = Em X (ljzc + 132,),

where I, I, and I., are the moments of inertia measured
about x, y, and z axes stationed at the center of mass of the
rectangular prism that describes a robot body part (Fig. 2).
In order to calculate the moments of inertia with respect to
robot coordinate axes, the parallel axis theorem is
employed

Ii = ICi X m; X diz (6)

Here, I; is the moment of inertia of ith body component,
m; is mass of ith body component, and d; is the distance
between axes. For instance when calculating the moment
of inertia around y-axis for middle torso component, first
Iy is calculated around y,., which is the y-axis through
the COM of the body part and I; is computed with the
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parallel axis theorem. As can be seen in Fig. 2, d; is the
distance between y, . and the y-axis of robot coordinate
frame. Since the angular position of the robot, equivalently,
roll, pitch, and yaw angles («, 8, and y) are needed to be
manipulated, three joint angles are chosen as action
variables to generate a trajectory. Hence, three
independent variables are utilized to control the three
orientation angles. The joint variables used are the two
spine joint angles 6,, @, and the two rear leg joint angles
6ur» B~ Rear leg joint angles are constrained to be
equal in magnitude and opposite in direction for applying
maximum precession of the overall angular momentum
around the z -axis of the robot's coordinate frame.
Therefore, they can be treated as a single independent
variable. These joints are chosen since their main inertial
axes are at y, x, and z directions, respectively. In order to
simplify computations and to decrease computational time,
chosen joint angles are assumed to affect only their
corresponding main inertial axes. For instance, it is
assumed that, change in 6,;, effects only angular
momentum around the z -axis. After calculating the
moments of inertia and combining (1), (2), (3) and (4), the
following equations are obtained.

Tyt Iy X wp () = Iy X wp g (¢ + AL)

Q)b Bl Ii,x
9 _ Ty + Ib,y X (Ub’y(t) - Ib,y X wb,d,y(t + At) (7)
b Ii,y
T, + Ib,z X wb,z(t) - Ib,z X wb,d,z(t + At)
Ouiir =

2 X1,

Here, @,, and 6, are angular velocities of spine joints.
6, represts angular velocities of the rear leg joints. t,,
7, and 7, are the torque components acting on the
quadrupedal robot about x, y and z-axes, respectively, as
expressed in the robot coordinate frame. w,,,, w,, and
wy . are the angular velocity component of the robot body
in the robot coordinate frame. I, ., I, ,, and I, , stand for
the moments of inertia of the total robot body with respect
to the robot coordinate frame, about x, y and z-axes.
Wp,q.x Wpa,y ANd Wy 4 , are the desired angular velocities
of the robot body around x, y and z-axes in the same
coordinate frame. Desired angular velocities can be
computed as

da—a

wb'd'x(t + At) = aAt
Ba—-B
At
Ya—V
At

wb'd'y(t + At) = y (8)

wb,d,x(t + At) =

And
T, =1, x M X g X At,

T COM x M X g X At, ©)

y =T

1, =1, x M x g X At,
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where a4, B4 and y, are the desired roll, pitch and yaw
angles, respectively.

Figure 1. Quadruped robot model for simulation. 8, is front spine joint
angle around corresponding blue axis, @,, is rear spine joint angle
around the corresponding blue axis and 8., 6., are rear hip joint
angles about corresponding blue axes. a, 8, and y are body orientation
angles about the world coordinate axes (red, green, and blue axes).

- ‘.._-__ 2

: ‘ f'/
X2 o)
~ 4

coM, |

Figure 2. Quadruped robot model for the moment of inertia computations.
COM, is the center of mass of the middle torso component, COM, is the
center of mass of rear torso component and COMj is the center of mass
of the rear leg. The robot coordinate frame axes is shown with three
different colors (red for x-axis, green for y-axis, and blue for z-axis).

B. Application of Push Recovery Algorithm on
Quadrupedal Robot

The quadruped robot kinematic arrangement in Fig. 1.
is used for reference trajectory computation. The
suggested quadruped model features 20 Degrees of
Freedom (DOF), with three DOF on each leg and two at
the spine. In addition, six DOF are added for the robot
body's linear and angular position. Every joint in the legs
and body is revolute. The hip hosts an adduction/abduction
joint. There are flexion/extension joints at the hip and the
knee. Three distinct body building blocks coupled by
rotational joints are utilized for dynamic spine motion. The
front spine joint revolves around the y-axis of the robot
coordinate frame for pitch motion, whereas the rear spine
joint axis is the x-axis of the robot coordinate frame for roll
motion. In order to produce a realistic robot model, all
jointangles are restricted to be between -45 and 45 degrees.
Home position of the robot can be seen in Fig. 1. The
overall mass of the robot is 90 kg. It consists of a body
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mass of 50 kg and leg masses of 10 kg each. Front and rear
body parts are 20 kg each and middle body part weighs 10
kg.

When the front spine joint moves, two torso
components, and two leg components move with it;
therefore front body joint manipulates a mass of 50 kg;
likewise rear spine joint manipulates 40 kgs. However,
rear leg joints manipulate 20 kgs for two legs.

Since the moment of inertia is a function of mass, and
rear leg joints are chosen to regulate angular position
around the z-axis, the performance of manipulating
angular position around the z-axis is weaker than x and y-
axes.

After reference trajectories are computed with push
recovery algorithm, calculated trajectories are applied in
quadrupedal robot simulation. Robot model used in
simulation is the same model used for reference trajectory
generation. Lagrangian approach is employed to derive the
equations of motion [51]. In order to track obtained
reference trajectories a proportional-integral-derivative
(PID) torque controller is employed in the simulation
environment.

I1l.  SIMULATION RESULTS AND DISCUSSION

Figure 3. Quadrupedal robot model in simulation environment

6
Position along x-axis
5 Position along y-axis
Position along z-axis

Position [m]

0 0.2 0.4 0.6 0.8 1
Time [s]

Figure 4. Linear positions of the quadrupedal robot performing jumping
gait along the x-axis (blue), y-axis (red), and z-axis (yellow).

© 2022 Int. J. Mech. Eng. Rob. Res

In order to create a jJumping scenario, take-off velocity
is set to 5 m/s at x and z-directions. The resulting motion
has a flight phase of one second. Quadrupedal robot in
simulation environment is presented in Fig. 3. Linear
positions of the quadrupedal robot during jump can be
seen in Fig. 4. Disturbances are generated and applied to
the robot model at 0.2, 0.5, and 0.8 seconds after the jump.
Various torques are applied around X, y, and z-axes as
expressed in the robot coordinate frame, resulting in equal
rise in angular acceleration around these axes (see Fig. 5).
In the figure, applied torques are 28.7 Nm, 76.6 Nm, and
102 Nm around x, y, and z-axes, respectively. Push
recovery algorithm calculates joint trajectories for front
and rear joints, right and left hip adduction/abduction
joints. Conventional PID control is employed to track
resulting joint reference trajectories. Calculated joint
reference trajectories and actual joint angles are presented
in Fig. 6 to Fig. 9. In Fig. 6, reference and actual positions
of front spine joint are presented. The PID controller is
quite successful. The rear spine joint actual and reference
positions can be seen in Fig. 7. Actual positions and
reference trajectories of the right and left hip
adduction/adduction joint positions are presented in Fig. 8
and Fig. 9.
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Figure 5. Angular accelerations of the quadrupedal robot around the x-
axis (blue), y-axis (red), and z-axis (yellow) with push recovery

algorithm.
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Figure 6. Front spine joint (body pitch joint) actual position (blue) and
reference position (red) with push recovery algorithm.
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Figure 7. Rear spine joint (body roll joint) actual position (blue) and
reference position (red) with push recovery algorithm.
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Figure 8. Rear right hip joint actual position (blue) and reference
position (red) with push recovery algorithm.

0.7

= = +Actual joint position 4
0.6 H======= Reference joint position i

05¢ T8
0.4r i
03+ i
02} /

0.1r 7

Rear left hip joint position [rad]

0 0.2 0.4 0.6 0.8 1
Time [s]

Figure 9. Rear left hip joint actual position (blue) and reference position
(red) with push recovery algorithm.

In Fig. 10, roll, pitch, and yaw angles of the quadrupedal
robot with respect to the world coordinate frame are
presented. After the external disturbance, desired angular
position for the robot to reach is chosen to be zero radians
around x, y, and z-axes. Results show that maximum error
isaround 0.009 rad around the x-axis, 0.001 rad around the
y-axis, and 0.0005 rad around the z-axis.
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Figure 10. Angular positions (roll, pitch, and roll) of the quadrupedal
robot around the world coordinate frame x-axis (blue), y-axis (red), and
z-axis (yellow) with push recovery algorithm.
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Figure 11. Angular velocity around the x-axis, the blue line is results

with the push recovery algorithm, the red line is results without push
recovery algorithm.
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Figure 12. Angular velocity around the y-axis, the blue line is results
with the push recovery algorithm, the red line is results without push
recovery algorithm.

In order to display the effect of the push recovery
algorithm, the same scenario is applied to the quadrupedal
robot model without a push recovery algorithm. Fig. 11
presents a comparison between angular velocity around
the x-axis with and without this algorithm. In the absence
of the push recovery system, the angular velocity of the
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robot increases and settles to 0.2 rad/s. In contrast, when
the push recovery algorithm is activated, angular velocity
does not reach 0.2 rad/s, and instead it drops down to
around 0 rad/s. Similarly, angular velocity around the y-
axis reaches 0.2 rad/s without the push recovery algorithm
since angular accelerations are set equal. After algorithm
isapplied, it peaks to 0.05 rad/s and converges to zero after
0.2 seconds (Fig. 12). Lastly, in Fig. 13, angular velocity
around the z-axis with and without the push recovery
algorithm is presented. Like with previous results, after
applying the algorithm, angular velocity does not increase

up to 0.2 rad/s and settles to about zero rad/s in 0.1 seconds.
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Figure 13. Angular velocity around the z-axis, the blue line is results
with the push recovery algorithm, the red line is results without push
recovery algorithm.

IV. CONCLUSION

This study presents a novel push recovery algorithm for
the flight phase of legged robot jumping gaits. The
algorithm of recovery is based on angular momentum
variables. Reference trajectories are obtained for a
quadrupedal robot with waist joints in the flight phase of a
long jump. The method generates joint position reference
trajectories for waist joints and rear hip joints of the
quadrupedal robot to reach the desired orientation of the
off-ground robot. Computed trajectories are applied on the
robot in the simulation environment. The simulation
calculates robot's orientation with these trajectories. PID
control is employed to track the joint reference trajectories.
The model used is detailed with individual link masses
taken into account and it is computationally efficient to be
used in real-time applications.

Lastly, the proposed push recovery algorithm is tested
in the simulation environment with external disturbances
in the flight phase of a long jump. Results show that the
algorithm achieves small orientation and angular velocity
errors and is a candidate for implementation work.
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