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Abstract—This study aims to build the adaptive sliding 

mode control based on radial basis function neural network, 

thereby offering online training algorithm allows self-

adjusting controller parameters according variation 

characteristics of nonlinear dynamic. The controller based 

on radial basis function network structure that is trained 

online using Quasi-Newton method, this method for 

quadratic convergernce rate is faster and more precise than 

the traditional Gradient Descent algorithm.  Training 

algorithm based on radial basis function network to 

approximate the Hessian matrix of each training period and 

apply the algorithms Broyden, Fletcher, Goldfarb and 

Shanno to update weights in the neural network. Testing 

simulation through MATLAB® and experiment with Omni- 

directional mobile robots. The process modeling results 

demonstrate that the RBF trained by BFGS algorithm are 

fast, reliable, and accurate.  

 

Index Terms—online training algorithm, adaptive sliding 

mode control, omni-directional mobile robot 

 

I.  INTRODUCTION  

Omni-directional mobile robot is a holonomic robot 

widely used in many fields and have attracted much 

attention of many research because of their flexible and 

versatile function in many application [1]. It has an 

advantage of moving in any abitrary course without 

changing the direction of wheels. The Omni-directional 

mobile robot model is a nonlinear MIMO system, so the 

problem of omni-directional mobile robots in complex 

trajectories is a difficult problem. In order to achieve 

accurare trajectory tracking and good control performance. 

Many research have indicated that using neural network 

that can be trained to learn any function. This self-learning 

ability of neural networks eliminate the use of complex 

and difficult mathematical analysis like a omni-directional 

mobile robot. [2]. In recent years, the analytical study of 

adaptive nonlinear control system using RBF universal 

function approximation has received much attention [3]-

[5]. The RBF network is a special form of artificial neural 

network, which has the advantages of simpler structure, 

faster algorithms, and better approximation of a nonlinear 
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relation [3], [6], [7]. Radical basis function theory allows 

the optimization of the neural network's weight over the 

whole space of the state variable but ensures the online 

learning process. To supplement and overcome the 

limitations of controlling the Omni-directional mobile 

robot in given trajectories, the paper proposes a solution 

using radial basis function (RBF) neural network and 

solves the problem. 

There are three common learning methods: supervised 

learning, unsupervised learning and reinforcement 

learning. Supervised learning is the most commonly used 

method, the simplest being the gradient descent algorithm. 

But the algorithm is simple and low convergence To 

improve convergence faster, the BFGS algorithm is 

introduced. BFGS algorithm is a Quasi- Newton algorithm 

which helps in faster convergence and it also takes care of 

the inverse of Hessian matrix. This method approximates 

the Hessian matrix using recent function and gradient 

evalutions which Broyden, Fletcher, Goldfarb and Shanno 

(BFGS) algorithm to update the weights for networks with 

simple structure like Rwill give you very fast convergence. 

Therefore, a complex nonlinear model with parametric 

uncertainties such as the Omni- directional mobile robot, 

it is highly recommended to provide an online training 

algorithm using a simple structured neural network such 

as RBF. 

II. MATHEMATICAL MODELLING OF OMNI-DIRECTIONAL 

MOBILE ROBOT 

By Newton’s law, the dynamics of omni-directional 

mobile robot under this assumtion can be found in [8]-

[11]. There are two coordinate system referred to this 

modeling. The absolute coordinate system w w wO X Y  

and the moving coordinate system 
m m mO X Y are shown 

in Fig. 1. 

Define 
T

w w wS X Y to be the position vector of the 

center of gravity for the mobile robot, we have 

 w wMS F   (1) 
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Figure 1.  Absolute coordinate and force analysis. 

where M is a symmetric positive-definite matrix as 

,M diag m m with the mass m . 

When indtroducing the coordinate transformation 

matrix from absolute coordinate system to moving 

coordinate system such as (4) and it follows (3), (4). 

 

 
cos sin

,
sin cos

w

mR   (2) 

 

 w

w m mS R s  (3) 

 

 w

w m mF R f  (4) 

where 

, ,
T TT

m m m m x y m x ys X Y f f f F F F are the 

position vector of center of gravity and the force vector 

applied to the center of gravity in the moving coordinate 

system and the force vector applied to center of gravity in 

the absolute coordinate system respectively. Let  denote 

the angle between wX  and .mX  

Therefore, the equation (5) to be a transformating 

equation to the moving coordinate system. 

 

 w T w

m m m m mM R R s s f  (5) 

 

The dynamic properties can be described as [12] 

 

 ( )m m xM X Y f  (6) 

 

 ( )m m yM Y X f  (7) 

 

 v II M  (8) 

 

where vI and IM are the moment of inertia for the robot 

and the moment around the center of gravity for the robot, 

respectively. Then, , ,x y If f M are given by 

 1 2 3

1 1

2 2
xf D D D  (9) 

 
1 2

3 3

2 2
yf D D  (10) 

 

 
1 2 3( )IM D D D L  (11) 

 

Besides, the driving system property [13] for each 

assembly is assumed to be given by 

 

 w i i i iI w cw ku rD ( 1,2,3)i  (12) 

 

where L is the distance between any assembly and the 

center of gravity of the robot, c is the viscous friction 

factor for the wheel, 
iD is the driving force for each 

assembly, r  is the radius of the wheel, 
wI  is the moment 

of inertia of the wheel around the driving shalf, 
i
 is the 

rotational rate of the wheel, k  is the driving gain factor, 

iu is the driving input torque. 

On the other hand, the geometrycal relationships among 

variable , mX  mY  and i ,i.e., the inverse kinematics 

are given by 

 

 
1

1 3

2 2
m mr X Y L  (13) 

 

 
2

1 3

2 2
m mr X Y L  (14) 

 

 3 mr X L  (15) 

 

Therefore, we use equation (6)~(15) gives 

 

 1 2 1 1 2 3( 2 )m m mX a X a Y b u u u  (16) 

 

 1 1 1 23 ( )m m m mY a Y a X b u u  (17) 

 

 3 2 1 2 3( )a b u u u  (18) 

where, 

 

1 2

2

2 2

2

3 2 2

1 2

2 2

3

(3 2 )

2

(3 2 )

3

(3 )

(3 2 )

(3 )

w

w

w v

w

w v

c
a

I Mr

Mr
a

I Mr

cL
a

I L I r

kr
b

I Mr

krL
b

I I r

 

 

In this paper, the tracking control problem for the omni-

directional mobile robot, which allows the position of 

robot platform can be kept at the reference position and 

makes the tracking error converging to zero in the of 

uncertainty is resolved. An adaptive sliding mode control 

using RBF is presented to account for the parameter 

uncertainty.  
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The control object is to design the reference signal to 

the tracking control. Therefore, the equation is given by 

 

 

1 2

2 1

3

1 1 1 2 1 1

1 3 1 4 1 2

2 2 2 3

0

0

0 0

2 cos

2 sin

w d w

w d w

fx

fy

f

W W f

X a a X

Y a a Y

a

b b b u D

b b b u D

b b b u D

A B U D

 

 

The tracking error is defined by 

 

 ,

x

d y

e

e e

e

 

 

where 
T

w wX Y and 
T

d d d dX Y are 

the output trajectory position and the desired trajectory 

position, respectively. 

The sliding mode surface function is defined as 

 

 ,

w d x w d
x x x x

w d y w d y y y y

d d

X X k X X
e k e S

S Y Y k Y Y e k e S

e k e S
k

 

 

where x yk diag k k k  is the positive constants and 

must satisfy Hurwiz condition. The sliding surface and 

friction function are presented in 
T

x yS S S S and 

d t , respectively.  

III. CONTROLLER DESIGN FOR TRAJECTORY TRACKING  

A. Network Architecture 

The structure of a typical three-layer RBF neural 

network is shown as Fig. 2. In RBF neural network, 
T

ix x is input vector. Assuming there are 
thm  neural 

nets, and radial basis function vector in hidden layer of 

RBF is 
T

ih h , ih  is Gaussian function value for neural 

net j in hidden layer, and  

 

 

2

2
exp ,

2

j

j

j

x c
h

b
 (19) 

 

Figure 2.  RBF neural network structure [14]. 

The weight value of RBF is 

 

 1,...,
T

mw w w  (20) 

 

The output of RBF neural network is 

 

 0 1 1 2 2 0 1
( ) ...

m

m m j jj
y k w w h w h w h w w h  

B. Trajectory Controller Design 

The adaptive sliding mode control [15]-[17] is 

presented to solve the difficulty caused by parameter 

uncertainties and disturbances. In this part, this study uses 

RBF neural network to approximate the WA component. 

Then, let the control law be defined as 

 

 
1 sgn ,W W dU B A ke S  (21) 

 

where, 

0 0

0 0

0 0

x

y , WA , with the parameter 

estimate error being defined as  

 

 ,  (22) 

where

 

1 2 1 2

2 1 2 1

3 3

0 0

ˆ 0 0

0 0 0 0

T T

d d

T T

d

T

f f W h x V h x

f f V h x W h x

f Z h x

 

 

where, , ,T T TW V Z are the weight values of RBF , is the 

tracking error of RBF neural network, and  N . Then, 

the time derivative of S become. 

 

 

1

2

3

sgn .

d

w

d W W w W

S e ke ke

X u

A A Y B u d t

u

S d t

 (23) 
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Therefore, if D , we have 

 

 . 0SS S S d t    

 

Then, from (21) and (23), S can be described as 

 

 
sgn

sgn

sgn

d W W

d W W d

W W

W

S A B U d t ke

A A ke S d t ke

A A S d t

A d t S

 

 

where , WA , WA . The Lyapunov 

candidate function can be defined as (24). 

 

 
1

0
2

TV S S  (24) 

 

Then, the time derivative ofV become. 

 

 

sgn

sgn

sgn 0.

T

W

T

T

V S A S

S S

S S

 

 

where  is the positive definite symmetric matrix. 

Moreover, the tracking error e t  will converge to zero 

according to 0S t as t asymptotically and 

therefore,  , 0e t e t  as t . 

C. Gradient Descent with Momentum Training 

Algorithm 

The performance index function of RBF is 

 

 
21

( ( ) ( ))
2

mE y k y k  (25) 

 
According to gradient descent method, the parameters 

can be updated as follows. 

 

 ( ) ( ( ) ( ))j m j

j

E
w t y t y t h

w
 (26) 

 ( ) ( 1) ( ) ( ( 1) ( 2))j j j j jw t w t w t w t w t  

 

where (0,1)  is the learning rate and (0,1) is the 

momentum factor. 

D. BFGS Training Algorithm 

For an unconstrained optimal problem [18], [19], the 

conventional Newton algorithm or Quasi-Newton (BFGS) 

is based on a quadratic model from a truncated Taylor 

series expansion of the objective function around kw  

 
1

.
2

T T

k k k k k kE w E E g H  (27) 

 

where kE  is the resulting quadratic approximation at 

iteration k , ,kw w  k k

k

E
g E

w
 is Gradient of 

the objective function [20], and 2

k kG E is the Hessian 

matrix [20]. In fact, approximation of Hessian in BFGS 

method is important. Let 0 1 2, , ...H H H  be succesive 

approximations of inverse 1

kG of  the Hessian. 

Quasi- Newton algorithm is given by follow form: 

 

 k k kd H g  

 argmin ,k k kE w d  

 1 .k k k kw w d  

 

Quasi-Newton (BFGS) algorithm [19] including 4 steps 

with k iteriation: 

 Step 1 : Set the search direction. 

 

 1 .k k kd H g  (28) 

 

 Step 2 : Search along the direction kd  to find the 

step length k such that 

 

0
min .k k k k k kf w d f w d   (29) 

 
T

k k k k k k k

T T

k k k k k

E w d E w g d

g w d g d
 (30) 

  

The new weighting vector is updated as  

 

 1 .k k k kw w d  (31) 

   

 Step 3 : Update kH to 1kH . 

 

1

T T

k k k k k k
k k T T

k k k k k

g g H H
H H

g H
  (32) 

 

where  

 1 ,k k kw w  (33) 

 

 1 .k k kg g g  (34) 

  

 Step 4 : Check convergence by some specified 

criterion. Conventionally, this criterion is set as 

the gradient of the objective function to be 

smaller than a given value to stop the iteration.

  

 .T

k kg g   (35) 
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The iteration starts from letting 0k , while the initial 

values of components in the weighting vector are set 

randomly, the initial matrix 0H  is a symetric and positive-

definite matrix that is normally set to 0 .H I  The 

iteration process sequentially follows: to calculate first the 

search direction by (28) and then perform the inexact 

search based on (30) and kH to 1kH by (32), (33) and 

(34), and after that, the gradient kg is compared with the 

convergence criterion, as shown in (35). When the 

convergence criterion is satisfied, the training iteration 

ends, otherwise, set 1k k and repeat the whole 

iteration calculation. 

IV. SIMULATION RESULTS 

In this part, the proposed adaptive sliding mode control 

using RBF neural network approach will be applied to the 

tracking problem of the omni-directional mobile robot. It 

was assumed that the initial position was 0 0 0  for all 

test. All physical parameters of the model and the default 

parameter are as follows: 

 

 
211.25vI kgm , 9.4m kg   

0.178L m , 0.448K , 20.1889 /c kgm s   

20.02108I kgm , 0.0245r m  

 

TABLE I.  CONTROLLER PARAMETER 

Sliding mode 

Parameter  Value 

0 0

0 0

0 0

x

y

 

20 0 0

0 20 0

0 0 20

 

0 0

0 0

0 0

x

y

k

k k

k

 

25 0 0

0 25 0

0 0 58

 

 

A. Without Friction 

In the first case, the friction function and the model 

uncertainties are not considered. The tracking results 

including the tracking error, and the robot trajectory are 

shown in Fig. 3. The controller parameters are given as in 

Table 1 and the reference trajectory in the test in a circle 

defined as follows: 

 

 

0.3cos 2

0.3sin 2

2

3

x t

y t  (36) 

 

Figure 3.  Tracking performances for circular reference path without 
friction. 

The omni-directional mobile robot was stationary at the 

initial position. In Fig. 3 showns the trajectory tracking 

responses, the system tracking trajectory finally converged 

to the reference circle. 

B. With Friction 

In this case, the friction are considered, and the tracking 

results are depicted in Fig. 4. 

 

 

Figure 4.  Tracking performances for a circular reference path with 
friction. 

Fig 4 apparently shows that the system tracking 

trajectory was able to follow the reference circle with a 

noise range of 0.01. 

C. Compare with Gradient Descent (Momentum) 

In this case, the comparison between the BFGS 

algorithm and Gradient descent with momentum are 

considered, and the results are depicted in Fig. 5, Fig. 6, 

Fig. 7 and Fig.8. 

 

 

Figure 5.  Tracking errors for x . 
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Figure 6.  Tracking error for y . 

 

 

Figure 7.  Trackingn error for . 

 

 

Figure 8.  Tracking performance for comparison between BFGS and 
Gradient descent with momentum. 

The tracking error results are described in Fig. 5, Fig. 6 

and Fig. 7. The error states did not converge to the zero by 

the adaptive sliding mode using Gradient descent 

algorithm. Nevertheless, the error states are reduced to 

zero by the adaptive sliding mode control using BFGS 

algorithm. 

Fig. 8 apparently shows that the system tracking 

trajectory did not respectively converge to the reference 

circle by adaptive sliding mode control using Gradient 

descent algorithm. Neverthless, by the adaptive sliding 

mode control using Quasi-Newton with BFGS, the 

system tracking trajectory was able to follow the 

reference circle.  

V. CONCLUSION 

In this paper, the adaptive sliding mode controller 

using RBF neural network to approximate parametric 

uncertainties which is developed to achieve perfect 

tracking for omni-directional mobile robot. The nonlinear 

friction including disturbance and traction forces is 

considered to reflect actual dynamic behavior of the robot 

in the real world. According to the simulation results, the 

proposed controller can effectively overcome possible 

uncertainties and external disturbances. The results also 

show that adaptive sliding mode controller takes more 

time to stabilize when error minimization is done using 

Gradient descent with momentum and it show poor 

tracking of reference signal. But after applying the BFGS 

learning the tracking behavior of system improved 

considerably and it shows less tracking error. BFGS 

method is faster method as it assumes Hessian matrix 

approximation as Identity matrix. 
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