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Abstract—In this paper we develop element DKMQ five 

Degrees of Freedom (DOF) per nodal with curvilinear 

approach. The advantage of this element that it is not 

required fictitious rigidity and can be used to analyze thick 

and thin structural problem without shear locking. As 

numerical result, DKMQ five DOF are able to give good 

performance.  
 

Index Terms—DKMQ, five DOF, convergence test 
 

I.   INTRODUCTION 

Finite Element Method has grown rapidly because it is 

powerful tool to solve the various problems in 

engineering. The formulation of finite element which is 

formulated with using Reissner-Mindlin hypothesis has 

problem in alleviate shear locking. Many methods have 

been introduced, such as reduced integration [1], 

selective integration [2], integration technique [3] and 

Assumed Natural Strain (ANS) which is applied in MITC 

[4]. With ANS method, Katili has proposed Discrete 

Kirchhoff Mindlin technique and use shear coefficient 

factor in DKMT [5] and DKMQ [6] elements to maintain 

their consistency in thick to thin plate bending condition. 

These elements free shear locking and passed the patch 

test. Katili et al. develop of DKMQ plate element to 

DKMQ24  shell element [7]. In this paper, DKMQ shell 

element with Five DOF (DKMQ20) are formulated and 

consequently the fictitious stiffness and MacNeal 

stabilization as it used in DKMQ24 is vanished.    

II.   DKMQ20 SHELL ELEMENT 

With defining rotation in local coordinate system, 

DKMQ20 is quadrilateral element which has five degrees 

of freedom for each node  1 2, , , ,i i i i ii U V W    following 

the global and local coordinates system. The 

displacement qu  is defined [7]-[9]: 

      . 0, , , , withq p nu z u z                 (1) 

where: 
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In formulations of DKMQ24 element [7], 

 
i

RN represents the normal vector. However, In 

DKMQ20,  
i

RN  can be deduced as follow: 

       2 11 2
i ii

RN RN RN t t        (5) 

The formulation of membrane  e  and curvature 

deformation   is the same as DKMQ24 [7]. Reference 

[7] we have the following equation: 
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            (6) 

The factor 
k  (shear coefficient factor) maintains the 

consistency of element in thin and thick problem. We 

apply the Kirchhoff-Mindlin method [5], [6] on element 

for getting    and   as function of nodal degrees of 

freedom. From [7] and applying Hu-Washizu functional, 

we have: 
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From [7] and (6) we have  
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where n
 
is a unit normal vector from one point s on 

the side k of element. On each side k [7], From [7] we 

have: 
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On each side, the value 
kn :  

 
1

2
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Equivalently, we have: 
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Finally, we get: 

   

 

 

2 1

2 2

2 1
1

3

1
+ .         

2

1
+ .

2

k

k k i

k k j

k s k ji

k

s i s i x

s i s i x

n u
L

t t t t

t t t t

    

  

  

(13) 

If (13) is applied on all four sides, then the 

independent parameter  n  is a function of degrees of 

freedom  nu  can be deduced as in DKMQ24 [7]. We 

neglected fictitious stiffness and the stiffness matrix [k] is 

the sum of the stiffness matrices due to membrane, 

bending, and transversal shear.  

       m b sk k k k                  (14) 

III. CONVERGENCE TEST 

Convergence test is done by comparing DKMQ20 with 

DKMQ24 [7]. Shells structure have a constant thickness 

and known boundary conditions and do not have initial 

deformation 
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Figure 1. Parabolic-Hyperboloid shell. 

A. Parabolic-Hyperboloid Shell 

The case is shallow shell which has data; a = 50 cm; c 

= 10 cm; h = 0.8 cm; E = 28500 kg/cm
2
; υ = 0.4 and fz = 

0.01 kg/cm
2
. Symmetrical conditions are U=V=W = θ1 = 

θ2 = 0 at the side of ABCD. Reference solution [10] in 

the middle surface is Wo = 24.6 x 10
-2

. This forms shell 

has a negative Gaussian curvature with boundary 

conditions in the form of a straight line (Fig. 1-Fig. 7). 

TABLE I. DEFLECTION WO (WO = WO X 103) HYPERBOLIC PARABOLOID 

SHELL. 

N x N DKMQ20 DKMQ24 

2 x 2 35.900 35.900 

8 x 8 25.023 27.074 
16 x 16 24.864 25.023 

32 x 32 24.864 24.864 

Reference [10] 24.600 
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Figure 2. Convergence deflection at Parabolic-Hyperbolic Shell. 

B. Scordelis - Lo Roof Problem 

A cylindrical panel with free boundary conditions 

along the cylinder and on the other side in form of rigid 

diaphragm and is used to compare the element 

performance of flat facet and curved shell. Due to small 

deformation transversal shear deformation is neglected. 

The membrane deformation is more dominant than 

bending deformation. The structure has data: L = 6 m; R 

= 3 m; h = 0.03 m; ϕ = 40°; E = 3  10
10

 Pa; υ = 0; fz = -

0.625 x 10
4
 Pa. Symmetrical condition, U = θ2 = 0 on the 

side CD and V = θ1 = 0 on the side CB.  
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Figure 3. Scordelis - Lo roof problem. 

Boundary condition: U = W = θ1 = 0 on the side AD. 

Reference solution [11] (theory of deep shell), WB = -3.61 
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cm and WC = 0.541 cm. Reference solution [11] (theory 

of shallow shell), WB = -3.703 cm and WC = 0.525 cm. 

Deflection in point B (WB) and point C (Wc) are 

presented in Table II and Table III. In this problem 

DKMQ20 gives the same convergence rate as DKMQ24. 

TABLE II. DEFLECTION WB FOR THE SCORDELIS - ROOF PROBLEM. 

N x N DKMQ20 DKMQ24 

2 x 2 -4.392 -4.392 

4 x 4 -3.425 -3.424 
8 x 8 -3.528 -3.528 

16 x 16 -3.586 -3.585 

32 x 32 -3.607 -3.604 

Deep Shell [11] -3.610 
Shallow Shell [11] -3.703 
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Figure  4. Convergence of deflection WB for the Scordelis - Lo roof 

problem. 

TABLE III. DEFLECTION WC FOR THE SCORDELIS - ROOF PROBLEM. 

N x N DKMQ20 DKMQ24 

2 x 2 0.593 0.593 

4 x 4 0.513 0.513 

8 x 8 0.530 0.529 

16 x 16 0.538 0.538 
32 x 32 0.541 0.541 

Deep Shell [11] 0.541 

Shallow Shell [11] 0.525 
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Figure  5.  Convergence of deflection WC for the Scordelis - Lo problem. 

C. Pinched Cylindrical Shell with end Diaphragms 

A pinched cylinder with two concentrated loads 

located in opposite direction and a rigid diaphragm at 

both ends. This problem is difficult for the shell element 

which is indicating the complex deformation of the 

membrane where most of the structure (under 

concentrated load) is dominated by bending effect ±70%. 

The numerical test presented in two thickness ratio, R/h = 

100 and 10. 

 
Figure  6. Pinched cylindrical shell with end diaphragms. 

TABLE IV. DEFLECTION WC (R/H =100) FOR PINCHED CYLINDRICAL 

N x N DKMQ20 DKMQ24 

2 x 2 -14.065 -14.070 

4 x 4 -101.322 -101.295 

8 x 8 -155.178 -155.214 

16 x 16 -167.364 -164.240 
32 x 32 -167.112 -167.193 

Reference [12] -164.240 

 
For R/h = 100, analytical solution was given by G.M. 

Lindberg et al [12] and for  R/h = 10, analytical solution 

considering transversal shear effects that given by K. 

Bhaskar dan T.K. Varadan [13]. The structures has data, 

L = 6 m; R = 3 m; h = 0.03 m dan 0.3 m. Symmetrical 

conditions; V = θ1 = 0 on the side BC; U = θ2 = 0 on the 

side CD and W = θ1 = 0 on the side AB. Boundary 

condition, U = W = θ1 = on the side AD. Reference 

solution for thin shell [12] (R/h=100): WC = -Eh Wc/P = 

164.24. Reference solution for thick shell [13] (R/h=10); 

Wc= -Eh Wc / P = 11.351.  

In this test, Table V and Fig. 8, we can see the 

difference between DKMQ24 and DKMQ20, since mesh 

8x8, displacement between DKMQ20 and DKMQ24 are 

become slightly different due to fictitious rigidity. 
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Figure  7. Convergence of deflection Wc thin pinched cylindrical shell. 

TABLE V. DEFLECTION WC (R/H =10) FOR PINCHED CYLINDRICAL 

SHELL 

N x N DKMQ20 DKMQ24 

2 x 2 -7.197 -7.284 

4 x 4 -10.150 -10.301 

8 x 8 -10.646 -10.962 

16 x 16 -10.947 -11.540 

32 x 32 -11.274 -12.074 

Reference [13] -11.351 

© 2017 Int. J. Mech. Eng. Rob. Res.

International Journal of Mechanical Engineering and Robotics Research Vol. 6, No. 3, May 2017

250



 
 

-14

-12

-10

-8

-6

-4

-2

0

0 4 8 12 16 20 24 28 32

E
 h

 W
c 

/ 
P

N x N

Convergence of deflection Wc (Thick Shell, R/h = 10)

DKMQ20

DKMQ24

Reference

 
Figure  8. Convergence of deflection Wc thick pinched cylindrical shell. 

D. Twisted Beam 

Introduced by R.J. MacNeal dan R.L. Harder [14] and 

become one of major test to validate a new shell element. 

The structures model with helicoidally shaped with one 

side clamped and a concentrated load is applied on the 

other side (see Fig. 9). 

The structure has data 90
0
 rotation at point O and A, L 

= 12 m; b = 1.1 m; h = 0.32 m, E = 29  10
6
 Pa; υ = 0.22, 

Boundary condition is U = V = W = θ1 = θ2 = 0. 

Geometrical surface is defined with s and θ parameter X 

= s cos θ; Y = 2θ L/π; Z = s sin θ, with range 0 ≤ θ ≤ π/2; -

b/2 ≤ s ≤ +b/2. 

This case will give difficulty for element formulated 

with facet-shell approach in quadrilateral as well as 

triangular shape. The reference solution is based on the 

beam theory (deformation in transversal direction is 

ignored) with or without taking into account the 

transversal shear deformation. 
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Figure  9. Twisted beam. 
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Figure  10. Convergence of deflection UA – Twisted beam h = 0.32. 

The advantages of this test is to see a couple energy 

between bending and membrane, In Fig. 10 and Fig. 11, 

we can conclude formulation rotation in local coordinate 

does not affect the convergences rate. 

TABLE VI. DEFLECTION UA FOR H =0.32 OF TWISTED BEAM 

Load N  N=NELT DKMQ20 DKMQ24 

Px = 1000 2  12 5.396 5.393 

Pz = 0 4  24 5.406 5.403 

 6  36 5.410 5.408 

 8  48 5.412 5.410 

 Reference [14] 5.424 

TABLE VII. DEFLECTION WA FOR H =0.32 OF TWISTED BEAM 

Load N  N=NELT DKMQ20 DKMQ24 

Px  = 0 2  12 1.624 1.624 

Pz = 1000 4  24 1.712 1.711 

 6  36 1.733 1.733 

 8  48 1.740 1.740 

 Reference [14]  1.754 
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Figure  11. Convergence of deflection WA – Twisted beam h = 0.32. 

IV. CONCLUSIONS 

DKMQ20 has more advantages than DKMQ24 

because it does not require fictitious rigidity which means 

it need less time computation. Moreover, DKMQ20 has 

the same convergence rate as DKMQ24. In future we will 

study the measurement convergence of shell structures 

behavior by using S-Norm method [15].  
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