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Abstract—This paper addresses the industrial challenge of
sizing chiller capacity in rapid chilled-water generation
systems under limited cooling time windows. The core heat
transfer challenge lies in the transient nature of single-tank
configurations; under low Richardson number (Ri)
conditions, mixing-dominated behavior occurs, to eliminate
the steady temperature differences assumed in conventional
sizing methods. To address this, this study develops an
explicit analytical model based on a quasi-steady-state heat
transfer assumption, which is physically justified by the large
mismatch in thermal time constants between the water tank
and the heat exchanger. The model was validated experimentally
using a 3-kKW mini-chiller, a 60-L tank, and a plate heat
exchanger across four flow-rate conditions. The experimental
results support the use of the quasi-steady-state heat transfer
assumption within the system. Furthermore, while the heat
exchanger effectiveness varies continuously over time due to
changes in operating conditions, it can be represented by a
time-averaged value because the narrow operating
temperature range produces limited variations in the
thermophysical properties of water. Finally, the empirical
data indicate mixing-dominated conditions at low Ri values,
under which the proposed transient cooling model
reasonably predicts the bulk temperature decline, with R*
values ranging from 0.8738 to 0.9978 across the tested
conditions. The resulting non-dimensional NTU-effectiveness
design equation provides a practical basis for first-pass
chiller and heat exchanger sizing in rapid chilled-water
generation systems operating under similar mixed-tank
conditions.

Keywords—chiller sizing, tank-based cooling system, rapid
cooling, thermal mixing
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I. INTRODUCTION

Chilled water plays a vital role in various industrial
processes, including air-conditioning systems, cooling of
metal workpieces in high-temperature casting or rolling
operations, waterjet cutting machines, low-heat concrete
production, and cold-water aquaculture systems, among
others [1]. In conventional chilled water systems, the
chiller reduces the water temperature and delivers it
directly to the process. In systems that utilize a cold water
storage tank, the chiller cools the water by continuously
circulating it from the tank through the chiller and back
until the desired temperature is achieved.

Additionally, most chilled water systems require the
addition of chemical agents to maintain water quality—
including pH control, scale prevention in pipelines and
heat exchangers, and microbial growth inhibition—
rendering the chilled water unsuitable for direct contact
with the end product in certain applications. In cold-water
aquaculture, chilled water must be prepared in advance for
water replacement, while in low-heat concrete production,
chilled water is mixed directly with cement at a target
temperature of approximately 10—15 °C [2, 3]. According
to operator reports, chilled water must typically be
produced within approximately 30 minutes to meet
process requirements. To address these constraints, the
chilled water system must be segregated into two loops as
a primary loop and a secondary loop with heat exchanged
between them through a heat exchanger, as illustrated in
Fig. 1.
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Fig. 1. A sample of a chilled water generation system.
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Although optimal cooling performance is achieved with
the separation of the warm water tank and the chilled water
storage tank, installing two large tanks independently leads
to significantly higher costs and increased space
requirements. Therefore, producing chilled water within a
single tank presents a feasible and space-saving alternative.
In the design of chilled water systems for tank-based
cooling, determining the required size of the chiller or heat
exchanger is relatively straightforward when the system
utilizes separate tanks or when clear thermal stratification
occurs within the tank. In such cases, engineers often rely
on basic engineering principles, such as the heat transfer
equation Q = mC,AT [4, 5]. However, in single-tank
systems that require rapid cooling, complete thermal
mixing occurs between the warm and chilled water, which
eliminates the steady temperature difference normally
assumed in conventional sizing methods. As a result, both
the cooling capacity of the chiller and the effectiveness of
the heat exchanger vary continuously with the declining
tank temperature—an inherently transient behavior that
increases the complexity of chiller and heat exchanger
sizing. Consequently, applying simplified steady-state
equations without proper consideration of this transient
nature leads to inaccurate chiller sizing, which can
adversely affect the efficiency and continuity of industrial
processes.

Research on chilled-water storage has largely centered
on air-conditioning applications, especially in the area of
stratified thermal energy storage. Earlier work examined
how tank shape, diffuser configuration [6—8], and internal
flow management [9-13] influence the formation and
stability of the thermocline. Several studies have also
described how the inlet velocity and temperature
difference interact to suppress or promote mixing once a
thermocline is established [14]. Additional modeling
efforts investigated how charging flow rate and tank
geometry alter the stratification curve [15], while others
highlighted the importance of the Richardson number (Ri)
for characterizing thermocline quality and its sensitivity to
discharge or charging flow conditions [16-18].

Even though Ri has been validated as a useful indicator
of stratification quality, most of the existing work focuses
on situations in which Ri remains high, and the thermal
layers are allowed to form and persist for extended
durations. These conditions are remarkably different from
rapid chilled-water generation, where mixing is intentional,
the Richardson number is low, and the cooling window is
short. While the stratification literature provides strong
insight into layered storage behavior, it offers limited
guidance for tanks that can be modeled as fully mixed
volumes. More importantly, it does not describe how the
declining temperature difference inside the tank or the
time-dependent effectiveness of a heat exchanger should
be represented when predicting cooling performance. As a
result, steady-state heat-transfer equations—commonly
used in practice—do not adequately reflect the transient
nature of rapid cooling and can lead to underestimated
chiller capacity.

446

Beyond stratified storage, studies on more complex
energy systems have used transient simulation tools to
evaluate multi-loop configurations. Renewable-driven
polygeneration systems have been analyzed through
dynamic modeling and optimization to coordinate
electricity, heating, cooling, and hydrogen production [19].
Similar approaches have been applied to solar-assisted,
grid-tied systems designed for transportation and energy
storage applications, where thermal storage interacts with
several  subsystems under  varying  operating
conditions [20]. In addition, solar-assisted absorption
cooling systems have been examined to understand
temperature evolution across multiple loops that include
collectors, thermal storage, chillers, and building
loads [21]. These studies provide a system-level
understanding of performance but do not yield analytical
expressions for sizing a chiller or heat exchanger in a
single-tank, mixing chilled-water system where the
effectiveness varies as the water temperature decreases.

From the currently reviewed literature, no analytical
sizing methodology explicitly addresses single-tank,
two-loop chilled water systems operating under mixing
and transient conditions. Existing steady-state methods
may underestimate the required chiller capacity as they
tend to assume constant temperature differences, while
available transient models either require numerical
solution or do not account for the continuous variation in
heat exchanger effectiveness as the tank cools. This gap is
particularly problematic for rapid cooling applications
with limited duration for the cooling process, and where
accurate first-pass sizing is essential to avoid costly
oversizing or process delays due to undersizing.

To bridge the gap between idealized steady-state
calculations and real transient behavior, the present work
develops a mathematical modeling framework for a
two-loop rapid chilled-water system. The core theoretical
challenge involves coupling the transient bulk-temperature
decline of the water tank with the heat exchanger equations,
which are commonly applied under steady-state conditions.
This challenge is addressed by adopting a quasi-steady-
state heat transfer assumption. The assumption is
physically supported by the large mismatch in thermal
time constants between the system components. While the
water tank has a substantial thermal mass that cools
gradually over the designated cooling window, the heat
exchanger contains a relatively small fluid inventory that
responds over a much shorter time scale. The resulting
framework represents the transient system dynamics
through this quasi-steady behavior and provides an explicit
analytical basis for first-pass chiller and heat exchanger
sizing in rapid chilled-water generation systems. The
remainder of this paper is organized as follows: Section II
presents the system analysis, the mathematical formulation
of the transient temperature model, the experimental
configuration, and the uncertainty analysis. Section III
presents the experimental results and validation.
Section IV discusses the model’s applicability and
engineering implications, and Section V summarizes the
concluding remarks.
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II.  ANALYSIS

A.  System Analysis

This section presents a dynamic thermal model for
predicting the transient temperature of a mixing
chilled-water tank by incorporating time-dependent heat
exchanger effectiveness within the NTU-effectiveness
framework. The present model incorporates a
time-varying heat-exchanger effectiveness and links it
with a transient energy balance of a mixed tank, allowing
the cooling behavior to be predicted under realistic,
non-steady operating conditions. The model is formulated

Control mass system

to describe the cooling behavior of a single-tank, two-loop
chilled-water generation system operating under mixing
conditions.

Consider a chilled water generation system designed to
rapidly cool the water stored in a tank. The system consists
of two circulation loops—a primary loop linking the
chiller to the heat exchanger and a secondary loop linking
the tank to the heat exchanger. The water is cooled within
the tank using a mini chiller through a heat exchanger. To
achieve a high chilled-water charging rate, it is assumed
that the temperature distribution within the tank is uniform
without thermal stratification, as illustrated in Fig. 2.
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Fig. 2. Chilled water generation system.

The heat-transfer analysis of the system can be
expressed as follows:

1) Energy exchange through the heat exchanger

To describe the heat transfer process, the mass of water
in the tank is M with an initial temperature of 7p. Water
from the tank is pumped into a heat exchanger at a mass
flow rate 7. Since mixing is assumed to occur within the
tank, the inlet temperature to the heat exchanger from the
tank, 7h;, is equal to the tank temperature 7. Upon exiting
the heat exchanger, the water temperature decreases to 7h.o.

At this point, the flow configuration of the system is
separated into two circulation loops:

e the secondary loop, which circulates water between
the tank and the heat exchanger at a flow rate of s,
and

e the primary loop, which circulates chilled water
between the chiller and the heat exchanger at a flow
rate of ..

2) Assumption for the analytical model

To represent the tested operating conditions, several
simplifying assumptions are adopted in the proposed
model to maintain analytical tractability, and their
implications are as follows:

e The chiller outlet temperature (7;) remains constant
throughout the cooling process.

e The model assumes that the tank is perfectly insulated
and, therefore, heat gain from the surrounding
environment is neglected.

e The thermal mass of the piping network connecting
the tank, pump, and heat exchanger is not accounted
for in the energy balance.

e The heat addition from the circulation pump is treated
as negligible in the present formulation.

The water temperature exiting the mini chiller is
assumed to remain constant at 7.. Therefore, the chilled
water enters the heat exchanger at 7¢; = 7. and exits at Tc.

Using these inlet and outlet conditions, the heat transfer
rate across the heat exchanger can be evaluated from an
energy balance:

Q = I’I’Ith(T - Th,o) = mccp(Tc,o - Tc) (1)

where C, is the specific heat capacity of water. An
alternative expression may be obtained by relating the total
heat transfer rate to the Log Mean Temperature Difference
(LMTD), denoted as AT}, :

O =UA AT, )

where U is the overall heat transfer coefficient, and A4 is the
heat exchange area. The LMTD is defined as

(T-Te0)~(Tho-Te)
LMTD = AT, = 1CE TTQOO) s (3)

Tho-Tc

Egs. (1)-(3) may be applied to instantaneous heat
transfer provided that the system operates in a quasi-steady
state. This assumption is reasonable when the mass flow
rates (i1 and ritc) are sufficiently high, causing the thermal
response time of the heat exchanger to become
significantly shorter than the time scale of the transient
fluctuations. Under these conditions, the convective heat
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transfer coefficients are high enough that the thermal
inertia of the heat exchanger wall has a negligible effect on
the overall transient response.

3) NTU-effectiveness relation and transient behavior

The steady-state heat exchanger -effectiveness is
traditionally defined as the ratio of the actual heat transfer
rate to the maximum possible heat transfer rate. To account
for transient thermal behavior, we define the instantaneous
effectiveness, &(¢), as:

&(t) = 0()/Onar(?) )
where the maximum possible heat transfer rate, for heat
exchange with the same fluid type in both loops, is given
by

Onalt) = mminCp(T(2) — 1) Q)
Here, rimin= min(m, ri1c) is the smaller of the two mass

flow rates, and the temperature difference is taken between
the hot and cold fluid inlets. From Eq. (1), it follows that

i Cy(T() - T o(0))
’hmincp(T(t) - Tc)

&(t) = (6)

Consequently, the actual heat transfer rate can be
determined from known input conditions as:

1) = e(OmminC(T(1) — To) (7

For a heat exchanger with the same fluid type in both

loops, the effectiveness can alternatively be determined as

a function of NTU and the heat capacity ratio C,, as
follows [22, 23]:

&) =f(NTU(), Cr) )]
where
U(HA
NTU(?) = = ©)
MminCp
~ min(riny, ) (10)

" max iy, )

In these expressions, U is the overall heat transfer
coefficient, and 4 is the heat exchange area. Because U(f)
varies with the water temperature during cooling, the NTU

also changes over time.
4) Transient temperature model

phenomena tank

of the mixing

For the analysis of the cooling behavior of the tank, the
water and piping are treated as a control-mass system since
no chilled water is withdrawn during the production phase.
Under this assumption, the transient temperature of the
tank is governed by an energy balance between the tank
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water and the heat exchanger. The rate of temperature
change of the water in the tank is expressed as

dT
M— =
dt

= — &(O)imin (T(1) — T) (11)
Eq. (11) represents the fundamental dynamic relation
for the mixed tank when the temperature decreases
proportionally to the temperature difference (7(¢) — T¢),
scaled by the time-varying effectiveness &(f).
Since 7c is assumed constant, the equation can be
rearranged by separating variables:

1 — Mmin
— (T = T) == el (12)

This separation isolates the temperature-dependent term
on the left-hand side and the time-dependent effectiveness
on the right-hand side, preparing the equation for
integration.

Integrating both sides from ¢ = 0 to ¢, with initial tank
temperature 7, yields:

=
In{ ———
T-T,
Eq. (13) expresses the tank temperature implicitly as a
function of the accumulated effectiveness over time. By

defining the time-dependent accumulated effectiveness,
E(?), as:

_ Mpin

M

J; e(ar (13)

dE(?)
E(0)= fye(0dr. o) = —= (14)
the explicit solution becomes:
T=T.+(To—T.)- exp[—% 020 )] (15)

This closed-form expression directly links the tank
temperature to the time-dependent heat exchanger
effectiveness, enabling the prediction of cooling dynamics
for any prescribed &(f) variation. Furthermore, if the

. : . _ 1y
time-averaged effectiveness is defined as e=r fof e(t)dt
/A

the final temperature at time ¢ is given by:

Ty =T+ (To~ To) - exp— 222 3 (16)

5) Conditions for validity for a mixing tank assumption

In this study, we assume no thermal stratification within
the tank. To ensure that this assumption is physically valid
for the conditions under which Eq. (16) is applied, the
Richardson number (Ri) is used as a criterion for assessing
the degree of mixing inside the tank.

The Richardson number, defined as the ratio between
buoyancy force and mixing force, indicates the tendency
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of thermal stratification in the chilled-water tank. A high
Richardson number implies significant stratification
potential, whereas a low Richardson number indicates
thorough mixing and negligible stratification.

If chilled water flows into the tank through an inlet pipe
at velocity uin, and the tank itself has a height H, then the
highest possible water temperature in the tank corresponds
to the initial water temperature 7,, while the lowest
possible temperature corresponds to the temperature of
chilled water entering the heat exchanger, 7c. Thus, the
Richardson number can be expressed as follows:

i SHT=T) -
Uin

where:

g = gravitational acceleration,

J = coefficient of thermal expansion,

H = tank height

To = initial tank temperature

T. = chilled water supply temperature from the chiller

uin = inlet velocity

Data & Control
Center

i)

i Primary Pump

L=

Cold Water

Generating Tank  Secondary Pump

Cold water
generating tank

Flow meter

This criterion allows the applicability of the mixing
assumption to be evaluated, ensuring that the transient
temperature model remains valid only under conditions
where mixing dominates over stratification.

B.  Experimental Setup

An experimental setup was constructed as provided in
Fig. 3. The system comprised a 3-kW mini chiller that
employed a capillary tube to reduce refrigerant pressure.
This configuration resulted in a gradual decrease in the
chilled water outlet temperature rather than a stable supply
temperature. To stabilize the temperature entering the heat
exchanger, a chilled water storage tank was installed. This
tank was used to approximate the nearly constant Tt
condition assumed in the model. The heat exchanger was
a plate-type SWEP model B5THx8/1P-SC-M. Water
circulation through the heat exchanger was achieved using
both primary and secondary pumps.

Mini Chiller

Al

Chilled Water
Storage Tank

Chilled water
Storage tank

Fig. 3. The experimental setup: (a) schematic diagram of the cold-water generation system; (b) photographs of the experimental setup.
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This experimental work aims to identify the heat
exchanger’s transient characteristics and to validate the
transient temperature model of the mixing phenomena
presented in Eq. (15). To achieve this, temperatures were
measured at the inlet and outlet of the plate heat exchanger,
and an ultrasonic flow meter was installed on the
secondary loop to monitor the water flow rate.
Additionally, ten thermocouples were distributed along the
vertical axis of the tank to monitor the cooling behavior
and thermal stratification. Temperature was measured
using type-K thermocouples connected to a GRAPHTEC
midi LOGGER GL&840.

To minimize heat loss to the surroundings, the cold-
water generating tank was fully insulated with a closed-
cell elastomeric material, and all piping connections were
wrapped with thermal insulation. Moreover, all
experiments were conducted in an air-conditioned room
maintained at 25 °C to ensure a stable ambient temperature
throughout the test period.

In the experiment, the chilled water storage tank was
first cooled to a temperature of approximately 7-9 °C and
maintained at that level using the mini chiller. The water
in the cold-water generating tank was then heated to a
temperature range of 30-35 ©°C. The experiment
commenced by activating both the primary and secondary
pumps, with the flow rate through the secondary pump
controlled to be lower than that of the primary pump
(mimin = rin). Water flow rates, inlet and outlet temperatures
of the heat exchanger, as well as temperatures within the
tank, were recorded at one-minute intervals. A total of four
experimental runs were conducted, each with a different
value of mass flow rate 7.

C. Experimental Error Analysis

The error in experimental measurements is typically
defined as the possible deviation between the measured
and true values. According to Moffat [24], the overall

uncertainty in a calculated result R, which is a function of
multiple measured variables, can be expressed as:

R=RX\ X, X5, ... X) (18)

where X, X, .... are measured variables.
If uncertainty is associated with a single variable X, its
contribution to the uncertainty in R is given by

(19)
For multiple independent variables, the total uncertainty

in R can be obtained using the root-sum-square (RSS)
method:

OR

2)2
or={5¥, (av) | (20)
The relative uncertainty is defined as
) 1
_R_ (g (LoR ?
"R { l':l(RaX,-gX") } @h

The resulting uncertainty values were used to support
the model-deviation analysis presented in Table I. The
temperature uncertainty was taken as +1% for the type-K
thermocouple measurements, and the flow-rate uncertainty
was taken as +2% for the ultrasonic flow meter, based on
the manufacturer’s specifications. Because #iimin = #itn, the
measured secondary-loop flow rate was used in the
uncertainty propagation. The equivalent thermal mass
used in the transient temperature model was treated as
constant because it was determined from fixed water and
tank masses and fixed specific heat values.

TABLE I. UNCERTAINTY BUDGET FOR CALCULATED QUANTITIES

Calculated Variables included in Estimated Dominant
. . Constants treated as fixed . .
quantity propagation uncertainty contributor
I A . Temperature measurement
£ 50,
Tank temperature prediction, 7(t) To, T, 1y, & Equivalent thermal mass, C, 2.8-5.5% and averaged cffectiveness
Richardson number, Ri Ty, T, rin, through u;, g, f, H, inlet diameter 4.5-5.0% Inlet velocity from flow rate
Experimental effectiveness, ¢ This Tho» Tei Tiin = iy flow-rate term 2.6% Temperature-difference
e T cancels measurement
. This Thos Teis T Mty through Q, N LMTD temperature
NTU-based effectiveness LMTD. UA. and NTU G, 5.3% differences

For the heat exchanger effectiveness calculated from

Eq. (6), ritmin = ritn; therefore, the flow-rate term cancels out.

The propagated uncertainty was evaluated from T, Th.o,
and T¢;. For the NTU-based effectiveness, the uncertainty
was propagated through the sequential calculations of Q,
LMTD, UA,NTU, and €. Because UA was calculated from
Q/LMTD, its uncertainty was implicitly determined from
the measured temperatures and secondary-loop flow rate.
The uncertainty in the Richardson number was evaluated
from Ty, T., and r, through the inlet velocity. For the
transient tank-temperature prediction, the uncertainty
propagation included To, Tt, i, and the time-averaged
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effectiveness used in Eq. (15), while the equivalent
thermal mass and C, were treated as constants.

Because each flow-rate condition was recorded as a
single continuous transient time series, measurement
consistency was assessed from the scatter of the measured
effectiveness around the fitted &(f) curve and from the
spatial consistency of thermocouples T2-T10 used to
calculate the tank-averaged validation temperature. The
resulting uncertainty values were used to support the
model-deviation analysis presented in Table I.

Fig. 4 provides an overview of the complete methodology
used in this study, summarizing the experimental
procedures, data acquisition steps, and computational
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processes required for determining heat-exchanger
effectiveness, evaluating mixing conditions, and
validating the transient temperature model.

‘ Prepare experimental system ‘

!

‘ Cool storage tank to 7°C ‘

v
‘ Heat process tank to 30-35°C ‘

!

‘ Activate primary and secondary pumps ‘

Set secondary-loop flow rate
(4 experimental conditions)

!

Record experimental data (every 1 minute)
- 10 tank temperatures (vertical axis)
- Heat exchanger inlet/outlet temperatures

- Secondary-loop mass flow rate

!

Store data for post-processing
¥

Compute quantities used in modeling
- Effectiveness &
- &(1) regression
- Transient temperature model

End

Fig. 4. Experimental procedure and data acquisition workflow for
calculating effectiveness and validating the transient tank temperature
model.

III. EXPERIMENTAL RESULT

A.  Experimental Conditions and Objectives

The experimental program was structured around two
primary objectives. First, a phenomenological study was
conducted to verify the fundamental physical laws and
assumptions of the model, such as the quasi-steady-state
behavior and the threshold of thermal stratification relative
to the Richardson number (Ri). For this purpose, data from
all four experiments (Table II) were utilized to ensure
consistent verification across a broad operating range.
Second, a predictive mathematical model was developed
to provide a practical tool for engineering design. To
ensure a robust evaluation and avoid circular logic, the
modeling process was divided into two distinct phases.
Experiments 1 and 4, representing the extremes of the flow
range, were used for parameter identification and model
reconstruction, while Experiments 2 and 3 served as
independent validation cases.

Table II summarizes the mass flow rates and
temperature conditions for each case. The Richardson
number (Ri) was calculated using Eq. (17), with an inlet
diameter of 0.0075 m and gravity g = 9.81 m/s%
Experiments 1 and 2 were conducted under low Ri
conditions (Ri = 0.01 and 0.04 indicating that inertial
mixing dominated over buoyancy-driven stratification [25,
26]. In contrast, Experiments 3 and 4 reached Ri values
approaching the half critical Ri 3.6 according to
Rendall [16] for thermal stratification (Ri = 0.7 and 1.7),

451

where buoyancy effects became more pronounced,
although active mixing was still observed [27-29].

TABLE II. EXPERIMENTAL CONDITIONS AND CALCULATED
PARAMETERS FOR RICHARDSON NUMBER

Exp. 1, (kgls) T Q) T;(°C)  T.(°C) Ri
1 95x107 334 14.1 79 0.01
2 481072 33.0 16.6 73 0.04
3 11x107 33.1 23.9 78 0.7
4 72x10° 344 26.0 8.7 1.7

Since the primary loop lacks a flow meter, the mass flow
ratio was derived from Eq. (1) as follows:

Too@) = () = 2ITO - Tyo®]  (22)

The mass flow ratio for Experiment 1 is determined by
the slope of the temperature difference on the cooling side
versus the heating side. For this condition, the calculated
values are /1. = 0.593 and 1. = 0.160 kg/s. It should be
noted that at small temperature differences, the calculated
ratio may be subject to uncertainty due to sensor noise.
Therefore, the ratios for the remaining cases were
determined directly using C, = ritn/mii. based on the constant
me=0.160 kg/s.

B.  Identification of Heat Exchanger Characteristics

This section characterizes the thermal performance of
the plate heat exchanger through a dual-stage approach: a
phenomenological study to verify steady-state
assumptions and the development of a predictive
mathematical model for heat transfer coefficients.

First, a phenomenological study was performed to
evaluate the validity of the quasi-steady-state assumption
across the experimental range. In this study, the plate heat
exchanger was configured for counter-flow operation. A
steady-state e~NTU model for a counter-flow concentric
heat exchanger is employed to characterize the thermal
performance, as defined by the following expression:

_ 1=exp(=NTU(1-C,))
& 120, exp(=NTU(1-C,))

(23)

Fig. 5 compares the effectiveness and NTU values
calculated via Eq. (23) with the instantaneous values
derived from experimental data. Experimental effectiveness
is calculated using Eq. (6) with #itmin = rizy while the NTU
is obtained from Eq. (9) using the U4 value derived from
Egs. (2) and (3) as follows:

1y Cp(T=Th0) 24)
LMTD

The experimental results demonstrate that the
instantaneous values align closely with the steady-state ¢-
NTU model, supporting the quasi-steady-state assumption
for the tested operating range. This finding suggests that
designers can utilize the simpler steady-state &-NTU
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framework to accurately predict heat transfer performance,
even under transient operating conditions.

1.0
0.9
0.8
0.7
206
2
2 0.5 Cr=0.58
5 04 o Cr=0.29
%0_3 s Cr=0.067
02 o Cr=0.044
Model
0.1
0.0
0.0 0.5 1.0 1.5 2.0 2.5 3.0

NTU

Fig. 5. Comparison of experimental and modeled effectiveness versus
NTU for various heat capacity ratios.
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Fig. 6. Time-dependent variation of accumulated effectiveness at
different mass flow rates.

The time-dependent variation of accumulated
effectiveness is shown in Fig. 6. These values are
computed through numerical integration using the
trapezoidal rule according to

() + et 1)

E0)=0, E(t) = E(tx—1) + >

(t—n-1)  (25)

where # represents the discrete time at step k. The
experimental results illustrated in Fig. 6 demonstrate a
strong linear correlation between the accumulated
effectiveness and time for all tested mass flow rates. This
linear behavior is further confirmed by the coefficient of
determination (R?), the values of which are approximately
unity in all cases. Since the accumulated effectiveness
represents the integral of instantaneous effectiveness over
time, the slope of each line effectively represents the time-
averaged effectiveness for that specific operating
condition. Based on Eq. (14), the accumulated

effectiveness can be expressed as E(f) =&t The time-
averaged effectiveness values, € were found to be 0.4627,
0.6400, 0.8830, and 0.9126, corresponding to hot-stream
mass flow rates 7z, 0of 0.095, 0.048, 0.011, and 0.0072 kg/s,
respectively.

Following the physical verification, a predictive model
is established by identifying empirical constants from
Experiments 1 and 4, while Experiments 2 and 3 are
reserved for independent validation of the UA and
effectiveness predictions.

The overall heat transfer coefficient, U, can be
approximated by considering the thermal resistances of
both the hot and cold fluid streams. Neglecting the
conductive resistance of the plate, the relationship is
expressed as:

1

~
_— —

1 1
UAd hyd  hd

(26)

where 7, and A denote the convective heat transfer
coefficients for the hot and cold sides, respectively. For
turbulent flow in a tube, the Nusselt number: Nu [29] is
typically modeled as:

Nu=0.023 Re**pr!”? 27)
where Re represents the Reynolds number, and is turbulent
flow. Moreover, Pr is the Prandtl number and 0.6 < Pr <
160. Substituting the definitions of the Reynolds and
Nusselt numbers into the equation and assuming nearly
constant fluid properties over the operating temperature
range, the convective heat transfer coefficient becomes a
function of the mass flow rate, such that

hy=Byiny”, he= Brig” (28)
In this context, By and B, serve as a grouping constant
that incorporates the fluid’s thermal properties and the
exchanger’s geometric characteristics.
By substituting Eq. (28) into Eq. (26), the overall
thermal resistance (UA)™! can be expressed as

. —0.8 1 .08

— ~ 7 M

1
UA ~ Byd (29)

In the current experimental setup, the cold stream mass
flow rate 11, was maintained at a constant value across all
test cases. Consequently, the relationship shows that 1/(UA)
varies linearly with /"%, The grouped constant terms,
(ByA)™" and (B.A) 1.0, can therefore be determined
through linear regression of the experimental data.

The heat exchanger characteristics are summarized in
Table III, where the time-averaged overall thermal
conductance, U4 was experimentally determined using
Eq. (24). By utilizing the data from Experiments 1 and 4
to identify the empirical constants in Eq. (29), the
following predictive model was established:

(UA)™ =0.19367,"* +2.0833 (30)
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Furthermore, Experiments 2 and 3 were utilized to
validate the model. The UA values obtained from Eq. (30)
are in good agreement with the experimental results. The
NTU was then calculated using Eq. (9) based on the
parameters established in Eq. (28). Additionally, the
predicted effectiveness, €, was determined by Eq. (23).
These predicted values of & were in close agreement with
the time-averaged effectiveness derived from Fig. 6,
further validating the consistency of the experimental data.

TABLE III. HEAT EXCHANGER CHARACTERISTICS

Exp. niy(kg/s) UA (] C: NTU ¢
1 0.095 0.298 0.298  0.58 0.75 0.468
2 0.048 0.235 0.234 0.29 1.16 0.644
3 0.011 0.114 0.109 0.067 235 0.895
4 0.0072  0.083 0.083 0.044 2.74 0.930
C. Validation of the Transient Model for a Mixing

Assumption Tank

This section evaluates the tank cooling dynamics by
investigating the influence of the Richardson number (Ri)
on mixing behavior and thermal stratification. Using the
experimental dataset, the phenomenological limits of the
mixed-state assumption were identified. Fig. 7 illustrates
the temperature profiles from all ten sensors over the
30-minute test duration and includes the measured cold-
side inlet temperature (7¢) profiles. During the tests, 7.
remained within approximately 7-9 °C, with only minor
fluctuations. These variations were negligible compared
with the overall decrease in tank temperature from about
30-35°C to the final temperature.

Fig. 7(a) and 7(b) show nearly identical readings for
sensors 2 through 10 (the average maximum temperature
differences over time are 0.42 and 0.45 °C, respectively),
while sensor 1 is slightly lower due to its proximity to the
incoming cold stream. This confirms a well-mixed
condition at low Ri values (0.01 and 0.04). As Ri increases
to 0.7 and 1.7 in Fig. 7(c) and 7(d), a slight spatial
divergence emerges between the upper (sensor 1) and
lower (sensor 10) sections, where the average maximum
temperature differences over time are 1.6 and 1.2 °C.
Although these absolute spatial temperature differences
show no significant or drastic separation between the low
and high Ri cases, the influence of the Richardson number
becomes distinctly apparent when evaluating the
maximum temperature difference relative to the overall
average temperature drop (which yields 2.4%, 2.9%,
24.8%, and 28.5%, respectively). This relative metric
uncovers a direct physical coupling; with a constant inlet
cross-sectional area, the overall cooling capacity varies
systematically with the kinetic energy of the injection (u?),
which simultaneously governs the denominator of both the
Ri definition and the normalized temperature drop.
Ultimately, this bounded nature of profile separation

453

demonstrates that inertial mixing still dominates buoyancy
forces, maintaining a mixing state without distinct thermal
stratification at these specific Ri values. This is consistent
with previous studies demonstrating that mixing processes
continue to dominate even at Ri < 3.6 [16]. Therefore, the
four tested cases remained within conditions where no
distinct thermal stratification was observed, making the
mixed-tank assumption defensible for the present
experimental range.

Following the physical verification of the mixing
regimes, the quantitative validation of the transient thermal
model has been focused on. By substituting the
effectiveness values from Table III into Eq. (15), using the
relationship E(f) =&#, the time-dependent temperature
decrease of the mixed tank can be predicted. To account
for the thermal inertia of the system, an equivalent water
mass, M, was determined from the measured water mass
and tank mass according to the relation M = (MyuerCp +
MuankCrank)/Cp. With Myaie=53.1 kg, Mian =17 kg, and the
specific heat capacities for water (C, =4.186 kJ/kg-K) and
the stainless-steel tank (Cime = 0.5 kJ/kg-K), the resulting
equivalent mass is calculated as M = 55.13 kg. The
accuracy of the proposed transient model in estimating the
thermal behavior of the tank cooling is demonstrated
through a comparison with experimental data across
varying flow conditions.

As illustrated in Fig. 7(a) and 7(b), the temperature
profiles predicted by Eq. (15) demonstrate a high degree
of accuracy. In Fig. 7(a), the model successfully
reconstructs the experimental data used during the
parameter identification phase, yielding an R? value of
0.9978, excluding sensor 1. More importantly, Fig. 7(b)
presents an independent prediction for a flow rate not used
in the initial identification. The model shows the
exponential decay for this case with R? of 0.9944,
excluding sensor 1, showing exceptional agreement with
the uniform sensor readings. This consistency between the
reconstructed experiment in Fig. 7(a) and the independent
validation experiment in Fig. 7(b) at low Ri values (0.01
and 0.04) indicates that the model is well calibrated and
can reliably predict the cooling trend within the tested
low-Ri range.

Even at higher Richardson numbers, where minor
spatial temperature deviations emerge, the model remains
effective at predicting the bulk-water temperature
evolution. As shown in Fig. 7(d), which represents the
upper extreme of the flow range (Ri = 1.7) used for
parameter identification, the model reconstructs the
cooling profile with an R? of 0.8738. Crucially, in Fig. 7(c),
the model provides an independent prediction for an
intermediate flow condition (Ri 0.7). Despite the
increased complexity of the mixing behavior, the predicted
profile in Fig. 7(c) aligns closely with the experimental
data, yielding a higher R? value of 0.9392, including
sensor 1.
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Fig. 7. Comparison between predicted and measured tank temperatures using time-dependent and constant effectiveness models. (a) Flow rate 0.095
kg/s; (b) Flow rate 0.048 kg/s; (c) Flow rate 0.011 kg/s; (d) Flow rate 0.0072 kg/s.

The agreement between the theoretical predictions and
experimental ~ measurements indicates that the
&-NTU-based transient model can reasonably predict bulk-
water temperature over the tested operating range. These
results support the use of the quasi-steady-state heat
exchanger assumption combined with the mixed tank
model. This approach is particularly applicable under low-
Ri conditions and transitional cases where no distinct
thermal stratification is observed.

IV. DISCUSSION

A key finding of this study is the validity of the quasi-
steady-state assumption applied to the heat exchanger
effectiveness. In theory, the effectiveness &(¢) depends on
temperature-dependent fluid properties and therefore
varies with time. However, the experimental results
indicate that treating effectiveness as constant is
reasonable over the tested operating range. The primary
reason is the relatively narrow operating temperature range,
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as the water was cooled only from 35 °C to 15 °C.
Although variations in the thermophysical properties of
water do affect the overall heat transfer coefficient within
this 20 °C span, their cumulative effect on the
time-averaged effectiveness was small for the tested
conditions.

These observations indicate that assuming a constant
effectiveness is appropriate for design purposes in systems
operating under low Richardson number conditions, such
as rapid chilled-water production. The simplification also
reduces the computational complexities, while still
providing reliable estimates of the cooling rate and, in turn,
the required chiller and heat exchanger capacities.

To avoid concerns regarding a circular workflow, the
model evaluation was separated into identification and
validation phases. Fig. 7(a) and 7(d) use the extremes of
the experimental flow range to establish the model’s
coefficients, while Fig. 7(b) and 7(c) provide independent
validation through interpolated flow rates. Good
agreement was observed across this range that supports the
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predictive capability of the model. However, the limitation
is the large intervals between the selected Richardson
numbers (Ri = 0.01, 0.04, 0.7, and 1.7), which makes it
difficult to identify the exact transition threshold where the
mixing assumption may begin to deviate. Despite this lack
of resolution, the study covers typical operating conditions,
and the model is sufficiently accurate for practical
engineering design and performance estimation.

The generalizability of the proposed model is supported
by both its theoretical foundation and the range of
experimental conditions examined. The governing
equations are derived from fundamental heat transfer
principles, the e-NTU method, and the energy balance.
They are independent of both geometry and specific
configuration. This allows the model to predict the trends
of thermal response with reasonable reliability across
different system configurations. The present study was
conducted with a limited number of experiments. However,
the applicability of the e-NTU formulation is expected to
apply to other heat exchanger types. This applicability
holds provided the appropriate effectiveness relation and
heat capacity rate ratio for the configuration of interest are
used.

The predictive relations remain useful when the
Richardson number is low enough to maintain a mixed
tank. However, tank geometry, inlet configuration, and
aspect ratio should be considered when applying the model
to systems outside the tested range. In systems where the
refrigerant temperature can be held reasonably constant,
the model can also be extended to direct-cooling
arrangements, in which the evaporator cools the tank water
directly. The high R? values observed across all test cases,
these factors support the use of the proposed model as a
practical tool for chilled-water system designs.

The following procedure provides a streamlined
framework for sizing chilled-water systems based on the
validated transient model. When the cold-water storage
tank is designed with a low Richardson number, the
temperature difference between the top and bottom of the
tank is minimal. Consequently, Eq. (16) can be used to
estimate the final tank temperature, even when the
effectiveness is assumed to be constant. Therefore, the
temperature prediction model derived from Eq. (16) can be
applied to determine the required chiller capacity and serve
as a basis for designing the heat exchanger. If the objective
is to produce chilled water with a total mass M, reducing
its temperature from an initial temperature 7, to a target
temperature 7, within a specified time duration ¢, the
system can be designed according to the following
procedure.

(1) The type of heat exchanger and the desired
effectiveness ¢ should be selected. Then, the outlet
chilled water temperature from the chiller, 7., must
be specified. The chilled water flow rate can be
approximated from Eq. (16) as

M (TO—TC)
—_ ln —_—
ety \Tp=Te
(2) After specifying the tank height, calculate the
Richardson number (Ri) using Eq. (17) to verify

€2))

Mpin =
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whether the Ri value falls within the acceptable
range, thereby confirming that thermal mixing occurs
within the tank.

(3) The required heat exchange rate can then be
calculated using:

O = ernminCp(To — Tt) (32)

By substituting Eq. (31) into the equation, the heat
transfer rate can be rewritten as:

0 -2 - 1) (2E) 1n(—T°"T°) (33)
/A

To—Tt I-T,

For comparison, the conventional approach estimates
heat exchange rate using the following equation:
MC,
—(Th—-1T)
i
From Egs. (33) and (34), a correction factor ¢ can be

defined as
¢ :(TO_TC) hl(TO_TC)
To-T¢) ~ \Ty-T.

The correction factor ¢ is defined as the ratio between
the heat transfer rate obtained from the transient
formulation and that estimated from the conventional
steady-state energy balance. Under the condition Ty > 77>
T, the logarithmic term in Eq. (35) yields ¢ greater than
unity. This indicates that the heat transfer rate estimated
from the transient formulation is higher than that obtained
from the steady-state estimate for the same cooling
duration. The value of ¢ depends on the selected operating
temperatures. For example, when 7, = 30 °C,
Tr=15 °C, and T. = 7 °C, Eq. (35) gives ¢ = 1.6. As Tt
approaches Tt the available temperature difference
decreases and ¢ increases accordingly.

(4) The calculated flow rate and heat exchange rate can
be used to design the heat exchanger using either the
Logarithmic Mean Temperature Difference (LMTD)
method or the NTU method, depending on design
preferences. Moreover, any type of heat exchanger
can be selected, as the conditions used in the
equations apply to all types. Assuming negligible
heat loss from equipment or piping, the minimum
required chiller capacity is equal to the calculated
heat exchange rate.

(5) Eq. (31) can also be applied to systems in which the
water in the tank is directly cooled by a chiller,
provided that the refrigerant temperature remains
constant. In this case, the heat exchanger is
considered to be the evaporator of the chiller, and the
refrigerant temperature is represented by 7.

Example calculation: To demonstrate the application of
Egs. (31)—(35), consider a 5 m3 water tank (approximately
5000 kg of water) that must be cooled from 30 °C to 15 °C
within 30 minutes using chilled water at 7 °C. For practical
design calculations, the constant effectiveness value is
determined from the average thermal conditions: Tavg =
(To+ Tp/2 =(30+15)/2 =22.5 °C. Assuming a heat exchanger
effectiveness of ¢ = (0.7 at this average temperature and a

0= (34

(35)
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specific heat capacity of water taken as 4.18 kJ/(kg-K) and
substituting these values into Eq. (31) yields a minimum
mass flow rate of 4.19 kg/s. From Eq. (32), the
corresponding heat transfer rate is Q = 282 kW,
representing the minimum required chiller capacity. The
correction factor from Eq. (35) is ¢ = 1.6 for this specified
operating condition. For comparison, the conventional
steady-state approach in Eq. (34) gives a heat transfer rate
of 174 kW. This constant-effectiveness approach is
validated by results and significantly simplifies the design
procedure. For heat exchanger sizing, assuming a
conventional chiller with a temperature difference of
5.56 °C yields a maximum chiller-side mass flow rate of
12.14 kg/s. This corresponds to a heat capacity ratio
Cr = 0.34. This Cr value can then be used to determine the
required NTU from standard heat exchanger correlations
for the selected exchanger type, such as plate or shell-and-
tube, which directly yields the required heat transfer area.
This example demonstrates the model’s applicability for
rapid chilled-water generation systems and highlights its
capability to ensure accurate equipment sizing, thereby
supporting process reliability while avoiding the costly
consequences of undersized chillers.

V. CONCLUSION

This study presents a predictive mathematical model
and a practical tool to determine the appropriate chiller
capacity in tank-based chilled-water generation systems
requiring rapid cooling under mixing conditions. The
model is based on two key physical assumptions. The first
is the quasi-steady-state behavior of heat exchanger
effectiveness, and the second is the thermal stratification
relative to the Richardson number (Ri) remaining below
the critical threshold. To validate the proposed model, a
two-loop experimental system was constructed. The
system comprised a plate heat exchanger coupled with a
3-kW mini chiller and a single 60-L tank designed to
rapidly generate chilled water within. Experiments were
conducted across a range of flow rates (0.0072—0.095 kg/s)
and low Richardson numbers (Ri= 0.01-1.7), under which
no distinct thermal stratification was observed. The
experimental data were used to verify the accuracy of the
model and to examine the time-dependent behavior of heat
exchanger effectiveness as well as the Number of Transfer
Units (NTU). The key findings and contributions of this
study are as follows:

(1) The heat exchanger effectiveness can be treated as
quasi-steady throughout the cooling process, as the
relatively narrow operating temperature range
produces negligible variation in the thermophysical
properties of water, thereby justifying the constant-
effectiveness assumption adopted in the proposed
model.

The quasi-steady-state assumption, combined with the
mixed tank model, yields a practical and accurate
mathematical model for determining the appropriate
chiller capacity in rapid chilled-water generation
systems. The present results demonstrate that this
fundamental framework is reliable and sufficient for

2
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engineering design estimation within the tested
operating conditions.

By bridging the gap between idealized steady-state
calculations and actual transient system behavior, this
work enables more accurate equipment sizing,
reduces the risk of chiller under-sizing, and ensures
that industrial processes requiring rapid chilled-water
generation—such as concrete production, aquaculture,
and metal processing—can reliably meet their
time-critical operational requirements.

3)

NOMENCLATURE
A heat exchange area of heat exchanger [m?]
C, specific heat of water [kJ/(kg-K)]
Cnax maximum heat capacity rate [kW/°C]
Cnin minimum heat capacity rate [kW/°C]
C. heat capacity ratio (Cpin/Cpax)
g  gravitational acceleration [m/s?]
H  tank height [m]
LMTD log-mean temperature difference [°C]
m  mass flow rate [kg/s]
Hmin minimum mass flow rate [kg/s]
NTU number of Transfer Units
O  heat transfer rate [kW]
Ri  Richardson number
T water temperature [°C]
To  initial water temperatures in tank [°C]

T1-T10 water temperatures measured by thermocouples
1-10 in the tank [°C]

Ty final water temperatures in tank [°C]

T. chilled water supply temperature [°C]

t time [s]

u;, inlet water velocity to tank [m/s]

UA overall conductance [kW/°C]

E(f) the time-dependent accumulated effectiveness
GREEK LETTERS

p  coefficient of thermal expansion [1/°C]

¢  effectiveness of heat exchanger

¢ the time-averaged effectiveness

& nominal effectiveness of heat exchanger

&(t) time-dependent effectiveness

¢  correction factor
SUBSCRIPTS

0 initial
C cold water loop
exp experimental
f final
h  warm water loop
i inlet
max maximum
min minimum
o outlet
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   h h =    B h    m . h  0.8 ,    h c =   B c    m . c  0.8


  Nu = 0.023    Re  0.8   Pr  1/3  


   1  UA ≈  1   h h A +  1   h c A                      


    𝜀 -


  E  ( t )  =   ε - t


    ε  (  t k )  + ε(  t  k−1 ) 2


       m h .  C p  ( T −  T  h,o )  LMTD


    1 −   exp ⁡   ( − NTU(1 −  C r ) )  1 −  C r   (exp ⁡   ( − NTU(1 −  C r ) )


   T  c,o  ( t )   (   T c  ( t )  =       m . h     m . c [T  ( t )  (   T  h,o (t)]


      𝒎 .  𝒉


   ε -


     {   ∑  i=1 N     (  1 R   ∂R  ∂  X i (  X i ) 2 }   1 2  


    (R R


     {   ∑  i=1 N     (   ∂R  ∂  X i (  X i ) 2 }   1 2


    ∂R  ∂  X i


    gβH(  T 0 −  T c )   u  in 2  


   [ −     ṁ  min M  ε -  t f ]


   ε -  =  1   t f   ∫ 0   t f  ε(t)dt


   [ −     ṁ  min M  ( E(t)   ) ]


    dE  ( t )  dt


    ∫ 0 t  ε(t)dt ,


      ṁ  min M   ∫ 0 t  ε(t)dt


   (    T 0 −  T c  T−  T c )


      ṁ  min M


  −  1  T−  T c


    dT  dt


      min ⁡   (    m . h ,     m . c )    max ⁡   (    m . h ,     m . c )


    U  ( t ) A    ṁ  min Cp


       m . h  C p  ( T  ( t )  −   T  h,o  ( t ) )     m .  min  C p  ( T  ( t )  −   T c )


     ( T−  T  c,o ) −  (  T  h,o −  T c )    ln ⁡   (   T−  T  c,o   T  h,o −  T c )


  U



