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Abstract—A unicycle robot with an omnidirectional wheel
mechanism is explained in this paper, focusing on its design
and control. The proposed system combines a main driving
wheel for pitch motion and a roller-based mechanism for
lateral movement, allowing multi-directional movement
while relying on single-wheel balance. A nonlinear dynamic
model of the robot is derived using the Euler-Lagrange
formulation and linearized around the upright equilibrium
point to obtain a state-space representation. A Linear
Quadratic Regulator (LQR) controller is designed to stabilize
the roll and pitch motions simultaneously. Simulation results
demonstrate fast stabilization with settling times of
approximately 1.7 s for roll and 1.9 s for pitch. Experimental
results on a unicycle robot confirm stable behavior with
settling times of approximately 1.2 s and 1.5 s, respectively,
and negligible steady-state error. The results support the
effectiveness of mechanical design and control strategy for
stable omnidirectional balancing.
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I. INTRODUCTION

Mobile robots are designed to minimize the contact
points with the ground. This is a unique design approach
that makes the robot highly agile. The unicycle robot
illustrates this idea by relying on a single wheel and only
one contact point to remain upright [1, 2]. This
configuration reduces friction and allows for rapid
directional changes, distinguishing it from multi-wheeled
platforms [3]. As with other balancing robots, maintaining
stability is a key challenge for the unicycle robot while
performing movement work, requiring feedback control
systems to guarantee balance [4, 5].#

Mobile robots have gained significant research attention
due to their broad applications in fields like transportation,
logistics, healthcare, and personal assistance [6, 7].
Recently, actuation, sensing, and control technologies
have improved flexibility, speed, and precision in complex
environments. Balancing robots present interesting
challenges due to their need for simultaneous maneuver
control and active stabilization [8]. Unicycle robots are a
category of balancing robots that rely on a single wheel
and are unstable, requiring feedback control methods to
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maintain balance during movement in any direction [9].
Reaction wheels, flywheels, or spherical wheels are often
used in earlier designs to maintain balance, but these
solutions often face problems from complex mechanisms
and limited load capacity. While ball-balancing robots can
move in any direction, they also face challenges in terms
of dynamic modeling and mechanical limitations [10, 11].

Omnidirectional wheels allow robots to move in
multiple directions, enabling robots to move in any planar
direction without rotating themselves [12—-14]. With
Mecanum or omni-wheel designs, these wheels have been
widely used in mobile robots, particularly in dynamic or
confined environments. However, most omnidirectional
configurations require multiple wheels, which limits their
use in single-wheel robots. Recent research has explored
integrating omnidirectional motion into unicycle robots
using actuated wheel mechanisms. For example, the
OmBUROo robot uses an active omnidirectional wheel to
enable planar motion while balancing on a single
wheel [15]. Although it seems promising, these
approaches reveal challenges in mechanical structure,
actuation strategy, and dynamic modeling, highlighting the
need for further exploration of alternative designs and
control methods.

A unicycle robot is presented in this paper with a novel
omnidirectional wheel mechanism. Unlike conventional
designs with multiple or spherical wheels, the proposed
system integrates a primary wheel for pitch motion and
multiple roller wheels for lateral motion, all in a single
wheel assembly. This configuration allows for
omnidirectional wheel movement while maintaining a
stable design for single-wheel balancing. The robot uses
independent actuators for pitch and roll axes, with balance
maintained through a suitable feedback control approach.
A Linear Quadratic Regulator (LQR) controller is
designed based on a dynamic model derived using the
Euler-Lagrange formulation, and the system's nonlinear
dynamics are linearized around the equilibrium point for
controller design. The proposed control method is
evaluated through both simulation and experiments on real
hardware.

The main contribution of this study is the design and
implementation of a  timing-belt-synchronized



International Journal of Mechanical Engineering and Robotics Research, Vol. 15, No. 3, 2026

omnidirectional wheel mechanism integrated into a single-
wheel unicycle robot. The proposed transmission
architecture combines spur gears, timing pulleys, and
flexible shafts to coordinate roller motion within a
compact wheel assembly, enabling stable omnidirectional
movement while maintaining balance.#

II. LITERATURE REVIEW

Unicycle balancing robots and omnidirectional mobile
robots have received significant research attention due to
their potential applications in mobile manipulation and
personal transportation. Prior studies have investigated
diverse balancing mechanisms, wheel designs, and control
strategies to improve stability and maneuverability. While
omnidirectional motion has been successfully achieved in
multi-wheel platforms, its application to single-wheel
balancing robots remains limited. The mechanical
complexity of omnidirectional wheel integration and the
coupled dynamics of unicycle robots pose significant
challenges. This literature review summarizes existing
work in these areas and identifies key limitations that
motivate the design and control approach proposed in this

paper.
A. Single-Wheel and Unicycle Balancing Robots

Several control strategies have been proposed to address
the inherently unstable and strongly coupled dynamics of
single-wheel and unicycle robots. Model-based methods
typically derive nonlinear dynamics using Newton—Euler,
Lagrange, or Appell formulations, and then apply small-
angle linearization to simplify controller design. Sliding
Mode Control (SMC) has been used to decouple pitch, roll,
and yaw subsystems, providing robustness against
disturbances and parameter uncertainties [16]. Active
Disturbance Rejection Control (ADRC) further improves
robustness by using an extended state observer to estimate
and compensate disturbances in real time, reducing
dependence on an accurate model [17]. Reported
simulations indicate that these approaches can stabilize the
system with short settling times and maintain balance
under external noise.

Adaptive and optimal control techniques have also been
investigated to enhance performance. Dual-loop adaptive
decoupling control based on neural PID structures allows
online gain adjustment to handle nonlinearities and
modeling errors [18]. For lateral (roll) stabilization,
alternative mechanisms such as flywheel- or airflow-based
actuators have been modeled and controlled using PID and
LQR methods, where LQR generally achieves faster
response and lower overshoot [19]. Overall, prior studies
demonstrate effective stabilization of single-wheel
platforms; however, achieving strong robustness, accurate
decoupling, and reliable real-world performance under
dynamic disturbances remains challenging.

B. Omnidirectional Wheel Mechanisms

Omnidirectional wheel mechanisms have been widely
investigated to overcome the nonholonomic constraints of
conventional wheeled robots, enabling independent
control of planar motion in x — y translation and yaw
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rotation. Among these mechanisms, Mecanum wheels are
attractive due to their simple structure and their ability to
generate lateral motion via angled passive rollers. Recent
studies have extended Mecanum-based designs to
dynamically balancing platforms. For instance, collinear
Mecanum configurations have been integrated into
wheeled inverted pendulum systems, achieving
omnidirectional mobility while maintaining balance using
a constrained dual-mode Model Predictive Control (MPC)
framework that explicitly enforces torque and state
constraints during multi-directional maneuvers [20].
Alternatively, paired Mecanum wheel units have been
applied to two-parallel-wheel inverted pendulum
platforms, where sagittal stabilization is combined with
PID-based trajectory tracking and time-scaling strategies
to reduce tracking deviation induced by balancing
dynamics [21]. Although these studies confirm the
feasibility of combining omnidirectional mechanisms with
unstable self-balancing systems, challenges remain in
coupling compensation, disturbance rejection, and high-
accuracy tracking under dynamic motion, motivating
further investigation in control design and system
integration.

C. Omnidirectional Unicycle Robots

Omnidirectional self-balancing robots have been widely
explored through ballbot-type platforms, where three
omnidirectional wheels are arranged 120° apart to actuate
a single spherical wheel. In such systems, the robot
behaves as a dual-axis inverted pendulum, and
omnidirectional motion is achieved by controlling the
ball’s angular velocity in the x and y directions [22].
Although  ball-driven  designs  enable  smooth
omnidirectional mobility with minimal footprint, their
performance is highly dependent on friction conditions
between the driving wheels and the ball. Slippage, surface
contamination, and roller—ball contact inconsistencies may
degrade tracking accuracy and disturbance rejection.
Moreover, mechanical tolerances and vibration induced by
roller discontinuities can introduce oscillations, which
complicate  stabilization and high-speed motion
control [23].

To address these limitations, OmBURo introduces a
novel unicycle robot equipped with an active
omnidirectional wheel, in which both longitudinal motion
and lateral motion are generated directly by actuated
elements within a single wheel structure. Unlike passive
Mecanum or ball-driven mechanisms, OmBURo employs
a main driving wheel combined with actively driven
peripheral rollers, enabling decoupled bidirectional control
through two independent actuators [15]. This design
reduces reliance on ground-ball friction and allows the
robot to operate on inclined or uneven surfaces more
robustly. However, the mechanical structure introduces
new challenges: the transmission of torque to multiple
rollers via gears and flexible shafts increases structural
complexity, potential backlash, and friction losses.
Maintaining synchronized roller motion while minimizing
gaps between rollers is critical to avoid vibration and
instability during balancing. Furthermore, the compact
integration of dual actuators within a single wheel
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constrains space, increases weight concentration, and may
affect dynamic response. These trade-offs highlight that
while active omnidirectional wheel mechanisms improve
controllability and terrain adaptability, their mechanical
design complexity and transmission losses remain key
challenges for achieving high-efficiency, high-precision
unicycle balancing systems.

D. Control Strategies for Balancing Robots

In recent research, various control strategies have been
applied to self-balancing robots to maintain stability and
enable precise motion control. Among these strategies,
Linear Quadratic Regulator (LQR) has emerged as a robust
method, particularly for balancing unicycle robots and
Wheel-Legged Robots (WLR). The LQR controller
optimizes control inputs by minimizing a cost function,
effectively stabilizing the robot’s tilt and ensuring smooth
motion, even on inclined surfaces [24]. For instance, in the
unicycle robot, LQR controllers have been successfully
used to maintain balance both on level ground and slopes,
demonstrating excellent performance under varying tilt
angles and conditions [25]. Similarly, the WLR platform,
which combines wheeled and legged mechanisms, benefits
from LQR-based balance control, enhancing its
adaptability and stability across different terrains.

While LQR provides a powerful solution for balancing,
other control strategies like Sliding Mode Control (SMC)
and PID controllers have also been investigated for their
robustness and simplicity. SMC, known for handling
uncertainties and nonlinearities, is often used in two-
wheeled balancing robots, decoupling balance and heading
control, while offering robustness against external
disturbances [26]. On the other hand, PID control is often
employed in simpler systems for balancing and movement,
where cascaded PID controllers manage both tilt and
distance, allowing for smoother trajectory tracking [27].
However, compared to LQR, SMC and PID controllers
face limitations in terms of tuning and handling complex
disturbances. The integration of LQR with other
controllers can offer an optimized solution for achieving
high-efficiency, high-precision balance control across
various robot types.

III. MATERIALS AND METHODS

The design, development, and experimental evaluation
of the unicycle robot, including the accessories, the
omnidirectional wheel mechanism, and the LQR controller,
are described in this section. Fig. 1 shows the final 3D
design of the unicycle balancing robot. The process is
divided into hardware design, control system
implementation, and experimental setup.

A. Hardware Design

The unicycle robot is designed to apply a single
omnidirectional wheel mechanism for omnidirectional
motion while maintaining balance. Key components
include:

1) Omnidirectional wheel

The main wheel and roller wheels are combined for
pitch motion and lateral movement. The robot is designed
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to move in any direction with minimal mechanical
complexity. Fig. 2 shows the final 3D design of the wheel
assembly and the defined pitch, roll, and yaw axes.

420 mm

Fig. 2. The final 3D designs that show all of the wheel.

a) Pitch wheel design

The pitch wheel is designed to be the main actuator for
the robot movement. It is mounted along the vertical axis
of the robot, and it is directly responsible for adjusting the
center of mass. This wheel is integrated with roller wheels
that enable motion in any direction while allowing the
robot to remain upright during dynamic motion. A DC
motor drives the pitch wheel using encoder feedback for
real-time position control, as illustrated in Fig. 3.

Pulley 5M 15 Teeth

Fixed Shaft 8 mm

Pulley SM 72 Teeth

Fig. 3. Design of the drive system for the pitch axis.

b) Roller wheel design

The roller wheels are small rollers arranged around the
pitch wheel, forming an integrated system that enables
multi-directional motion. Each roller is installed at an
angle to allow for both longitudinal and lateral movement.
By using the rollers, the robot can move in any direction,
including rotational motion, without additional steering
mechanisms, which makes it good for moving in tight
spaces.

The roller wheel system is driven by a spur gear inside
the wheel assembly. A 32-tooth drive gear transmits torque
to four 24-tooth spur gears, which are arranged to
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distribute the load evenly across the mechanism. This
configuration promotes smooth roller operation and
enables omnidirectional motion. Using spur gears provides
efficient torque transmission and helps improve the overall
mechanical efficiency of the system. Fig. 4 illustrates the
gear arrangement and the 32:24 gear ratio between the
drive gear and the driven gears.

24 Teeth/Module 1

24 Teeth/Module 1

32 Teeth/Module 1

g:v\%: 24 Teeth/Module 1

A
E% Teeth/Module 1

Fig. 4. Showing the ratio of all spur gears that is used inside the wheel.
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To synchronize the roller motion and control the roll
axis, a timing-belt pulley system is used. A 20-tooth timing
pulley is mounted on the flexible shaft around the main
wheel and serves as the driven pulley. The driving pulley
is mounted on top of the spur-gear assembly and transmits
torque to the 20-tooth pulley through the timing belt. This
pulley coupling coordinates the motion of the small roller
wheels for lateral movement and helps maintain a
consistent orientation and stable motion on both flat and
inclined surfaces. Fig. 5 displays the pulley system used to
control the roll axis of the wheel. It shows how the pulleys
are positioned and how they interact with the roller wheels.

Pulley XL 20 teeth

Fig. 5. The final 3D designs show the pulleys ratio of wheel to control
the roll axis.

The roller wheel mechanism is central to the unicycle
robot’s omnidirectional movement. To enable this, the
main wheel is designed with four sets of roller wheels,
each set comprising three normal small roller wheels and
one small roller wheel attached to a 20-tooth timing pulley.
The timing pulley serves as the follower pulley, ensuring
smooth transmission of motion to the roller wheels. All of
the small pulleys are connected to flexible shafts, which
allows for efficient power transmission and minimizes the
loss of energy during operation. This configuration enables
the robot to maintain omnidirectional movement while
ensuring stability and maneuverability in a compact design,
as shown in Fig. 6.

The flexible shafts used in the roller transmission
mechanism are made of multi-layer wound spring steel,
which is commonly wused in mechanical power
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transmission systems that require both torque transmission
and flexibility. This structure allows the shaft to transmit
rotational torque from the driving pulley to the roller
wheels while accommodating small bending angles inside
the compact wheel assembly.

The helical multi-wire structure of the flexible shaft
enables it to maintain torsional stiffness for torque transfer
while allowing radial flexibility. This property allows the
shaft to rotate continuously while bending along the wheel
curvature, making it suitable for transmitting motion to
multiple roller wheels arranged around the main wheel. As
a result, the flexible shaft supports simultaneous rotational
motion and bending deformation without significantly
affecting torque transmission efficiency.

Fig. 6. The final 3D designs of rollers.

B.  Electrical System Design

The electrical system of the unicycle robot is designed
for high efficiency and real-time processing, using an
STM32 NUCLEO microcontroller as the central controller.
This microcontroller processes all control algorithms,
including the LQR controller, and communicates with
external sensors and actuators. The robot's IMU sensor
(BNOO055) provides essential orientation data, including
pitch, roll, and yaw, by combining accelerometer,
gyroscope, and magnetometer functionalities. The
BNOO055 sensor communicates with the STM32 controller
via the I2C interface, delivering real-time feedback crucial
for maintaining stability. The robot’s motion control is
driven by BLDC motors controlled by an ODrive V3.6
motor driver. The motor driver adjusts the speed and
torque to control the omnidirectional wheel's movement,
ensuring smooth and precise operation.

For wireless communication, the ESP32 module
enables Wi-Fi connectivity, allowing the robot to send and
receive data remotely. This system enables real-time
monitoring of the robot’s performance, such as angle,
speed, and torque values, directly to the user's computer.
The STM32 NUCLEO processes this data and sends
control signals to the ODrive V3.6 motor driver to regulate
the motor speed and torque for balance and movement.
The integration of these components ensures a robust and
efficient system capable of executing omnidirectional
movement and maintaining balance.

Fig. 7 shows the schematic diagram of the electrical
system, illustrating how the STM32 NUCLEO board
connects with the BNOO55 IMU sensor via the 12C
interface for real-time orientation data. The processed data
from the IMU is used by the STM32 to compute control
signals, which are then sent to the ODrive V3.6 motor
driver using the USART interface. These signals control
the BLDC motors, enabling the robot to perform precise
movements while maintaining stability. The figure
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provides a clear view of the data flow between the
microcontroller, sensors, and actuators.

Odrive V3.6
Driver Motor

Emax 5345
Motor

A Channel
B Channel

ENCODER

PWM

S
ESP32-C3

E 3
IMU
BNOOSS

Fig. 7. Schematic diagrams of a circuit for the omnidirectional wheel
robot.

C. Mathematical Model of Unicycle Robot

The mathematical model of the unicycle robot is derived
using the Euler-Lagrange method. This model describes
the robot motion and is used for control design. It helps
explain how the robot behaves, especially the relation
between pitch, roll, and yaw motions. In this study, the
robot is modeled as an inverted pendulum with two
degrees of freedom: pitch and roll. The robot is driven by
an omnidirectional wheel, which allows motion in
different directions while keeping balance. Fig. 8 shows
the real unicycle robot used for the model analysis. The
robot includes sensors and actuators to measure motion
and apply control based on the model.#

Fig. 8. The actual unicycle robot for analyzing.

Euler—Lagrange theory is used to derive the dynamic
models of the unicycle robot. These dynamic models are
crucial for controlling the robot, which is illustrated in
Fig. 9. This figure represents the dynamic model of the
robot, showing the forces and torques acting on the system.

k

~

Fig. 9. The dynamic of unicycle robot.

264

1) Lagrangian formulation

The Lagrangian formulation starts by defining the
rotational kinetic energy (T) and potential energy (V) of
the unicycle robot. The Lagrangian (L) is then defined as#
in Eq. (1):

L

T—-V (1)

a) Rotational kinetic energy

The rotational kinetic energy of the unicycle robot is
associated with the angular motion of the main wheel and
the robot body. It depends on the moment of inertia and
angular velocity of the rotating components. The rotational
kinetic energy is expressed as in Eq. (2):

T = 2[lya] + 3 [Lb] + 3 [yl +3 ] (2)

a=(p"+0¢") 3)
b=a" )
c=6" (5)
d=(0"+a") (6)
where
e [, is moment of inertia about body in roll axis.
e [, is moment of inertia about body in pitch axis.
e [, is moment of inertia about wheel.
e [, isinertia between body and wheel.
b) Potential energy

The potential energy of the unicycle robot is mainly
caused by gravity acting on the center of mass of the robot
body. Since the robot behaves like an inverted pendulum,
the potential energy depends on the vertical displacement
of the center of mass with respect to the ground reference.

The gravitational potential energy is expressed as in

Eq. (7):

V. = Myn gRwrcoslBlcoslal + MpagLpacos[B]cos[p] (7)

where:
e M, is mass of the wheel.

My, is mass of the body.

R, is the radius of the wheel.

Lpq 1s the length measured from the center of the

wheel to the center of mass of the robot.

g is the gravitational acceleration.

¢) Equations of motion
The equations of motion for the unicycle robot are

obtained by applying the Euler-Lagrange equation as in

Eq. (8):
(i)

at

®)

where:



International Journal of Mechanical Engineering and Robotics Research, Vol. 15, No. 3, 2026

e q; is the generalized coordinates.

T; is the generalized force acting on the system.
The generalized coordinates of the unicycle robot are
selected as in Eq. (9):

q = [(l)’ 0' a’ ﬁ] (9)

where:
e ¢ is the roll angle of the robot body.
6 is the pitch angle of the robot body.

« is the rotational angle of the main wheel.

[ ]
L]
e [ is the rotational angle of the roller mechanism.

The Euler-Lagrange equation is applied to each

generalized coordinate as in Egs. (10)—(13):

geos| 8] sin[ ] Lpg Mpq-3-6% Ty

@"[t] = . (10)
0"[t] = _ geoslyl sin[[iil;b,ijbd-zl.BxTa (an
B"[t] = gcas{a]sin[/;ﬂlt/y[wh}gwh+ T 12
a’[t] = g cos[f] sin[a] Myn Rwn + Ta 13)

Ipx+ Iw

where:
e Ty is torque of robot in pitch axis.
e T, is torque of robot in roll axis.

e T, is torque of main wheel motor.

Tp is Torque of roller wheel motor.

The dynamic Egs. (10)—(13) describe the nonlinear
motion of the unicycle robot. The parameters used in the
modeling process are defined based on the physical
properties of the prototype system. These parameters are
summarized in Table 1.

TABLE I. PARAMETERS OF DYNAMIC MODEL

Symbol Description Quantity Unit
Iy Inertia of wheel 0.013547  Kg'm?
Iy Inertia between body and wheel ~ 0.01993 kg-m?
Lyy Inertia of body in roll axis 0.08052 kg-m?
Iy Inertia of body in pitch axis 0.08646 kg-m?
Myn Mass of wheel 3.073 kg
Mpq Mass of body 4.512 kg
Ron Radius of wheel 0.1345 m
The length measured from the
L,y  center of the wheel to the center of 0.0916 m
mass of the robot.
g Gravitational acceleration. 9.8 m/s?

2) State-space equation

The nonlinear dynamic equations derived using the
Euler-Lagrange formulation in Egs. (10)—(13) represent a
coupled second-order nonlinear system. Due to the
presence of trigonometric nonlinearities and coupling
between variables, direct controller design is complex.
Therefore, the system is linearized around the upright
equilibrium position. The equilibrium point is defined as
in Eq. (14):

0 (14)
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which corresponds to the vertical balanced configuration
of the robot.

Under the assumption of small angular deviations near
the equilibrium point, the following small-angle
approximations are applied:

sin(x) = x,cos(x) = 1

(15)

where:
e  x belongs to the set {p, 6, a, B}

After applying these approximations, the nonlinear
dynamic equations are simplified into linear differential
equations.

To express the system in state-space form, the second-
order differential equations are converted into first-order
form by defining the state vector as in Eq. (16):

x®)=[p ¢ 0 65 Fad (16)

¢ is the roll angular velocity of the robot body.
6 is the pitch angular velocity of the robot body.
f is the angular velocity of the roller mechanism.
a is the angular velocity of the main wheel.

The control input vector is defined as in Eq. (17):

u(®) =[Tg To]" (17)
where:
Tp denote the motor torques applied to roller
mechanisms.
T, denote the motor torques applied to the main
wheel mechanisms.

The linearized dynamic model can then be expressed in
standard state-space form as in Eq. (18)—(19):

2(t) = Ax(¢) + Bu(t) (18)

y(t) = Cx(t) + Du(t) (19)
where:
e A is the system matrix.
B is the input matrix.
C and D are the output matrices.
The system matrix 4 and B input matrix obtained from
the linearized equations are given as follows:

0 1 o0 0 0 0 0 0
g“}iﬂ 0 0 0 0 0 0 0
y
0 0 o0 1 0 0 0 0
0 o0 % 0 0 0 0 0
— bx bw
4= 9 0 0™ 0 o 1 o oGO
0 0 0 0 LwRwn g 0 0
Iny
0 0 0 0 0 0 0 1
0 0 o0 0 0 0 Lwrlwn
Ipx+Iy




International Journal of Mechanical Engineering and Robotics Research, Vol. 15, No. 3, 2026

r 0 0
_36 0
Ipy
0 0
0 -
bxtIpw
B=| 4 5 21
= 0
Ipy
0 0
0 1
Ipx+Iy
100 0000 0
o o100 0 00
o oo0oo01000 (22)
000 0O0GO0OT1O0
0 0
_lo o
# D=1y o #23)
0 0

3) LOR controller

After obtaining the linearized state-space representation
in Egs. (18) and (19), a Linear Quadratic Regulator (LQR)
is designed to stabilize the unicycle robot around the
upright equilibrium position.

The LQR method determines an optimal state-feedback
control law of the form Eq. (24).

u(t) = —Kx(t) (24)
where:
e K is the optimal gain matrix.

The controller minimizes the quadratic cost function

defined as in Eq. (25):

J = J, (x"Qx + uTRu) dt (25)
where:
e (s the state weighting matrix.
e R is the control weighting matrix.
In this study, the weighting matrices are selected as:
70 0 0 0 0 0 0 O
010 0 0 0 0 0O
0 05 0 0 0 0 O
oo o 1.0 0 0 o0
€710 0 0 020 0 0 0 (26)
0o 0 0 0 0 10 0 O
0o 0 0 0 0O 0 20 O
0 0 0 0 0o 0 O 10J
_[100 O
&=["5" 100] 27)

Larger weights are assigned to the body angle states (¢
and 0) to ensure rapid stabilization of the robot body,
which is critical for maintaining balance. Moderate
weights are assigned to wheel angle states, while smaller
weights are given to angular velocity states to prevent
excessive control effort. The weighting matrices were
determined through iterative tuning in simulation to
achieve a compromise between fast settling time, reduced
overshoot, and actuator limitations.
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The matrix Q penalizes deviations of the state variables
from the equilibrium, while R penalizes excessive control
effort.

The optimal gain matrix K is obtained by solving the
continuous-time Algebraic Riccati Equation (ARE) in
Eq. (28):

ATP+PA—-PBR'BTP+Q =0 (28)

where:

e P is a positive-definite solution of the Riccati
equation.

The feedback gain matrix is then computed as in
Eq. (29):

K =R™1BTP (29)

The resulting closed-loop system becomes Eq. (30).

x(t) = (A— BK)x(t) (30)
which ensures system stability if the pair A, B is
controllable.#

IV. RESULTS AND DISCUSSION

This section presents the results of both simulations and
real-world experiments conducted to evaluate the
performance of the unicycle robot equipped with an
omnidirectional wheel and controlled by an LQR
controller. The robot’s performance was assessed in terms
ofroll and pitch angle control, settling time, overshoot, and
energy efficiency.

A.  Simulation Results

The performance of the proposed LQR controller was
first evaluated through MATLAB simulation using the
linearized state-space model derived in Section III. The
simulation was conducted to verify system stability and
dynamic response under initial disturbances.

1) Roll angle response

The simulated roll angle response of the unicycle robot
under LQR control is shown in Fig. 10. An initial
disturbance was applied in the roll direction to evaluate the
stabilization capability of the controller.

)

Time (s)

Fig. 10. The simulation result of roll angle.
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As observed in Fig. 10, the roll angle increases to a peak
transient value of approximately 1.08° before smoothly
converging toward the equilibrium position. The response
does not exhibit sustained oscillations, indicating that the
closed-loop system is well damped.

The roll angle settles within approximately 1.7 s, and
the steady-state error is negligible. These results
demonstrate that the proposed LQR controller effectively
stabilizes the robot in the roll direction and rapidly
suppresses angular deviations.

2) Pitch angle response

The simulated pitch angle response of the unicycle robot
under LQR control is shown in Fig. 11. An initial
disturbance was applied in the pitch direction to evaluate
the stabilization performance of the proposed controller.

1.8

0 0.5 1 L5
Time (s)

Fig. 11. The simulation result of pitch angle.

As observed in Fig. 11, the pitch angle reaches a peak
transient value of approximately 1.76° before smoothly
converging toward the equilibrium position. The response
exhibits no sustained oscillation, indicating a well-damped
closed-loop system.

The pitch angle settles within approximately 1.9 s, and
the steady-state error is negligible. These results confirm
that the LQR controller effectively stabilizes the robot in
the pitch direction while maintaining stable dynamic
behavior.

B.  Experimental Results
To validate the effectiveness of the proposed LQR
controller under real operating conditions, the control
algorithm was implemented on the physical prototype of
the unicycle robot. The experiments were conducted on a
flat surface with the robot initially disturbed from its
equilibrium position, as shown in Fig. 12.

Fig. 12. Experimental setup of the unicycle robot.

1)  Experimental roll angle response

The actual experimental roll angle response of the
unicycle robot under LQR control is shown in Fig. 13. The
robot was subjected to an external disturbance in the roll
direction to evaluate real-world stabilization performance.

)

Time (s)

Fig. 13. Experimental roll angle response under LQR control.

As observed in Fig. 13, the roll angle reaches a peak
deviation of approximately 1.1° at around 0.6 s before
rapidly converging toward the equilibrium position. After
the transient response, the system exhibits small
fluctuations due to sensor noise and mechanical vibration.

The roll angle settles within approximately 1.2 s, and
the steady-state error remains close to zero. These results
confirm that the proposed LQR controller effectively
stabilizes the robot under practical operating conditions.

2)  Experimental pitch angle response

The experimental pitch angle response under LQR
control is shown in Fig. 14. An external disturbance was
applied to evaluate the real-world stabilization
performance of the robot in the pitch direction.

Time (s)

Fig. 14. Experimental pitch angle response under LQR control.

As observed in Fig. 14, the pitch angle exhibits a
transient oscillatory response with a maximum positive
deviation of approximately 1.8° and a minimum negative
deviation of approximately —1.4°. The oscillations
gradually decrease, and the system converges toward the
equilibrium position.

The pitch angle settles within approximately 1.5 s, and
the steady-state error is negligible. The slight oscillations
observed in the response are mainly attributed to sensor
noise, mechanical vibration, and unmodeled nonlinearities
in the physical system.
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C. Quantitative Performance Comparison

To quantitatively evaluate the effectiveness of the
proposed LQR controller, a comparison between
simulation and experimental results is summarized in
Table II. The key performance metrics include settling
time, peak angle deviation, and steady-state error for both
roll and pitch motions.

The larger peak angle observed in simulation
corresponds to the imposed initial disturbance used for
robustness evaluation, whereas the experimental
disturbance magnitude was intentionally smaller for safety
considerations.

TABLE II. COMPARISON BETWEEN SIMULATION AND EXPERIMENTAL

RESULTS
Performance Metric Simulation Experiment
Roll Settling Time 1.7s 12s
Pitch Settling Time 19s 15s
Peak Roll Angle 1.08° 1.1°
Peak Pitch Angle 1.76° 1.8°
Steady-State Error ~0° ~0°
The experimental results show slightly slower

convergence compared to simulation due to unmodeled
friction, actuator dynamics, sensor noise, and hardware
nonlinearities. However, the overall behavior is consistent,
validating the accuracy of the derived model and the
effectiveness of the LQR controller.

V. CONCLUSION

This paper presented the design and control of a
unicycle robot equipped with an omnidirectional wheel
mechanism. A nonlinear dynamic model was derived
using the FEuler-Lagrange formulation and linearized
around the upright equilibrium point to obtain a state-space
representation suitable for controller design. An LQR
controller was implemented to stabilize both roll and pitch
motions simultaneously.

Simulation results demonstrated fast and stable
convergence, with settling times of approximately 1.7 s for
roll and 1.9 s for pitch. Experimental validation on the
physical prototype confirmed stable behavior under real
operating conditions, achieving settling times of
approximately 1.2 s and 1.5 s with negligible steady-state
error. The experimental results closely matched the
simulation predictions, validating the accuracy of the
proposed model and the effectiveness of the control
strategy.

Overall, the proposed mechanical design and LQR-
based control approach provide a feasible solution for
achieving stable omnidirectional motion in a single-wheel
balancing robot. Future work may focus on improving
disturbance rejection performance and extending the
system for trajectory tracking and autonomous navigation.
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