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Abstract—Autonomous docking of mobile robots presents 
significant control challenges due to nonholonomic 
constraints and physical limitations. This paper addresses 
these challenges with a dual-controller hybrid framework 
that achieves precise posture stabilization while respecting 
system constraints. The first component is an analytically 
derived time-invariant controller based on a polar coordinate 
transformation of the robot’s kinematic model, enabling 
bidirectional motion that enhances maneuverability. The 
second component employs a Model Predictive Control 
(MPC) approach implemented as a Pointwise Min-Norm 
(PMN) controller that explicitly handles actuator constraints 
while tracking references generated by the first controller. 
This constrained optimization is formulated as a quadratic 
programming problem that maintains the stabilization 
properties of the reference signals while satisfying velocity 
and acceleration limits. Extensive validation through 
simulations and experiments demonstrates performance 
improvements over conventional methods, with particular 
emphasis on practical docking scenarios requiring specific 
pose constraints. The close alignment between theoretical 
predictions and experimental results confirms the 
framework’s robustness and applicability to real-world 
docking operations. 
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I. INTRODUCTION 

Posture stabilization is a critical challenge in the field of 
Autonomous Mobile Robotics (AMRs), particularly 
concerning docking operations. This problem involves 
precisely controlling a robot’s position and orientation as 
it approaches and connects with a docking station or target. 

For AMRs in industrial, service, or domestic 
environments, accurate docking is essential for tasks such 
as autonomous recharging, cargo loading/unloading, and 
precise manipulation. The difficulty lies in navigating to a 
specific position with exact orientation requirements, often 
in tight spaces with minimal margins for error. 

The posture stabilization approach typically combines 
sensing technologies (e.g. computer vision, LiDAR) with 
advanced control algorithms to guide the robot through the 
final, precise movements needed for successful docking. 
These control systems must account for the robot’s 
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kinematic constraints (e.g. limitations on the robot’s 
speeds), potential environmental disturbances, and the 
nonholonomic nature of many wheeled robots that cannot 
move sideways directly.  

As robotic systems become more prevalent in many 
workspaces, solving the docking problem efficiently 
becomes increasingly important for enabling truly 
autonomous operation over extended periods. Developing 
an efficient docking controller is the main focus of this 
study.  

II. LITERATURE REVIEW 

Posture stabilization control for AMRs has been an 
active area of research for decades. Classical  
time-invariant control techniques were first developed 
using the simplified kinematic model of mobile robots that 
involves only the robot pose and two control signals which 
are the linear and angular velocities in Cartesian space.  
Luca et al. [1] applied dynamic feedback linearization to 
stabilize the unicycle model, effectively transforming the 
nonholonomic system into a linear controllable one, which 
enables the use of established linear control techniques for 
docking applications. Tayebi et al. [2] developed an 
invariant manifold approach that addresses the 
stabilization challenges of nonholonomic chained systems, 
providing a mathematical solution with improved 
convergence properties. More recently, Wang et al. [3] 
extended these concepts by incorporating both velocity 
and acceleration saturation constraints into the visual 
tracking framework, addressing real-world limitations of 
physical actuators in mobile robots. This approach bridges 
theoretical control design with practical implementation 
considerations, particularly for vision-guided docking 
scenarios.  

Designing time-invariant docking controllers using 
polar coordinates of the AMRs is another popular 
approach [4–9]. Early theoretical frameworks [4] 
established fundamental control strategies, providing 
mathematical simplicity but limited robustness to 
environmental uncertainties. Vision-based approaches 
emerged as viable alternatives, with Chen et al. [5] 
implementing virtual landmarks for assistive mobility 
devices and recent patented work [6] developing  
multi-stage image-based measurement techniques that 
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enhance stability during the docking process. Notable 
advancements address the inherent nonholonomic 
constraints of many AMRs, with Wang et al. [7] 
developing target docking methods using relative pose 
measurement with robust stability guarantees. However, 
there is a strict condition set on the heading angle of the 
robot during the docking phase for valid control signals. 
Further innovation came from Lafmejani et al. [8], who 
adapted gradient-based navigation from holonomic to 
nonholonomic systems, demonstrating cross-platform 
control flexibility. Gonzalez-Sorribes et al. [9] addressed 
the practical implementation challenges by addressing 
time-varying delays and input saturation constraints with 
experimental validation. Among these works, several 
solutions have adopted similar control laws for the linear 
velocity term [4–6, 8, 9], where the robot can move only 
either backward or forward toward the docking station 
with its speed proportional to the distance from the robot 
to the goal point which may limit the steering capability of 
the robot in the docking task. 

Although it is more convenient to implement  
time-invariant control techniques in practice, due to 
Brockett’s theorem [10], no smooth time-invariant 
feedback control law can asymptotically stabilize the 
nonholonomic mobile robot systems to a fixed point. This 
fundamental limitation has driven significant research into 
time-varying control techniques for AMRs in the posture 
stabilization problem [11–16]. Time-varying continuous 
feedback controllers were firstly studied by Samson [11] 
that effectively addressed path following and point 
stabilization challenges for mobile robots. Building on this 
foundation, Pomet [12] provided explicit designs for  
time-varying stabilizing control laws applicable to 
controllable systems without drift, establishing a formal 
framework that overcame the limitations of time-invariant 
approaches. 

Subsequent research incorporated practical constraints, 
with Jiang et al. [13] developing saturated stabilization and 
tracking methods for nonholonomic mobile robots that 
respect actuator limitations. Lee et al. [14] further refined 
these concepts with saturation feedback controllers 
specifically designed for unicycle-modeled robots, 
enhancing performance while maintaining implementation 
feasibility. Do et al. [15] extended this work by creating a 
universal saturation controller design applicable across 
diverse mobile robot platforms, however, there was no 
practical example presented to validate the theory. Recent 
study by Yan and Ma [16] has integrated obstacle 
avoidance with global posture stabilization for car-like 
mobile robots with rear-axle drive, demonstrating how 
time-varying techniques can address multiple control 
objectives simultaneously in complex environments. 
However, their work did not consider input saturations 
during the docking phase. While providing stronger 
stability guarantees and disturbance rejection, these  
time-varying methods typically introduce greater 
implementation complexity compared to the  
time-invariant ones.   

Recent research has also explored various intelligent 
approaches to address the docking problem for AMRs. 

Nakrani and Joshi [17] proposed a fuzzy-based obstacle 
avoidance controller that can perform autonomous parallel 
parking in the presence of static and dynamic obstacles. 
Zhang et al. [18] proposed a different approach using 
Bézier smooth subline constraint nonlinear model 
predictive control for point stabilization of nonholonomic 
mobile robots. By using Bézier curves to generate smooth 
trajectories within the predictive control framework, their 
method achieves improved convergence characteristics 
and reduced control effort during the docking maneuver 
while satisfying physical constraints. Ben-Asher and 
Rimon [19] focused on time-optimal trajectory generation 
for car-like mobile robots, applying optimal control theory 
to minimizing docking time while respecting kinodynamic 
constraints. Their approach determines  
analytically-derived optimal trajectories that balance 
speed with precision, particularly valuable for  
time-sensitive docking operations in industrial 
environments. Zhang et al. [20] developed a reinforcement 
learning-based motion planning framework for automatic 
parking systems, utilizing RL algorithms to learn optimal 
parking trajectories through trial-and-error mechanisms. 
Chai et al. [21, 22] presented deep learning solutions by 
first designing and implementing deep neural  
network-based control systems for automatic parking 
maneuvers, then developing an integrated deep learning 
framework that combines trajectory planning and control 
for autonomous ground vehicles, demonstrating enhanced 
control accuracy and improved parking performance 
across various scenarios. Pagot et al. [23] introduced a 
hybrid approach combining optimal control theory with 
pseudo-neural networks, emphasizing computational 
efficiency for fast planning and tracking of complex 
parking maneuvers while maintaining high accuracy 
suitable for real-time applications. These diverse 
intelligent methods, however, have several disadvantages. 
They demand substantially higher computational 
resources and implementation complexity, potentially 
limiting real-time implementation on resource-constrained 
AMR platforms. Furthermore, these approaches frequently 
rely on heuristic or numerical optimization that offer 
weaker formal guarantees of stability or convergence. 

Although time-invariant techniques have the 
fundamental limitation identified in Brockett’s theorem, 
they still have many advantages compared to other 
approaches such as their simplicity in design and 
implementation, computational efficiency, parameter 
tuning accessibility, and disturbance rejection consistency. 
These advantages make time-invariant techniques 
valuable components, especially in hybrid control 
architectures where computational efficiency and 
implementation simplicity are prioritized.   

This paper introduces a novel hybrid control framework 
for autonomous mobile robot docking that synergistically 
combines time-invariant techniques with Model Predictive 
Control (MPC). The approach leverages the 
complementary strengths of both paradigms: the 
computational efficiency and mathematical tractability  
of time-invariant controllers alongside the  
constraint-handling capabilities and predictive 
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optimization of MPC. A new time-invariant unconstrained 
controller is designed based on a modified kinematic 
model expressed in polar coordinates, which generates 
reference control signals with essential stabilization 
properties throughout the error space (with a singularity at 
the origin readily addressed through practical means). A 
key feature of this solution is that the computed linear 
velocity for the robot is not constrained to be strictly 
positive or negative, enabling bidirectional movement that 
enhances steering capability. These reference signals feed 
into an MPC framework implemented as a  
reference-tracking Pointwise Min-Norm (PMN)  
controller [24]. The PMN controller refines the control 
actions while explicitly addressing all input constraints, 
including limitations on the AMR’s linear and angular 
velocities and accelerations. The approach is validated 
through both simulations and experimental 
implementation on a physical AMR. Additionally, 
controller performance is evaluated under pose constraints 
specific to practical docking scenarios.  

III. MATERIALS AND METHODS  

A. Modified Kinematic Model 

Fig. 1 shows the robot kinematics with the polar 
coordinates of point C in the coordinate frame ⟨𝑂்⟩ 
attached to the dock station. The robot moves with linear 
and angular velocities ሺ𝑣, 𝜔ሻ . The frame ⟨𝑂௠⟩  is the 
reference local coordinate frame attached to the robot base, 
d is the distance between the reference point C and 𝑂௠ (C 
lies on the axis 𝐱௠), and G is the goal point for the docking 
task.  

 

 
Fig. 1. Kinematics of the AMR with posture coordinates. 

Denotes 𝑋 ൌ ሺ𝑥, 𝑦, 𝜃ሻ  as the robot pose in the fixed 
frame ⟨𝑂்⟩. The coordinates of the reference point C are 
given as follows: 

 ൜
𝑥஼ ൌ 𝑥 െ 𝑑𝐶ఏ
𝑦஼ ൌ 𝑦 െ 𝑑𝑆ఏ

 (1) 

where 𝐶ఏ ൌ cosሺ𝜃ሻ, 𝑆ఏ ൌ sinሺ𝜃ሻ.  

The derivatives of both sides of Eq. (1) are given in  
Eq. (2) as follows: 

 ൜
𝑥ሶ஼ ൌ 𝐶ఏ𝑣 ൅ 𝑑𝑆ఏ𝜔
𝑦ሶ஼ ൌ 𝑆ఏ𝑣 െ 𝑑𝐶ఏ𝜔 (2) 

Let 𝐪 ൌ ሺ𝜌, 𝛽, 𝛼ሻ be the polar coordinate vector with its 
elements defined in Eq. (3): 

 ൞

𝜌 ൌ ඥΔ௫
ଶ ൅ Δ௬

ଶ

𝛽 ൌ ∡൫𝐱், 𝐺𝐶ሬሬሬሬሬ⃗ ൯

𝛼 ൌ ∡൫𝐺𝐶ሬሬሬሬሬ⃗ , 𝐱௠൯

 (3) 

where: 

 ൜
Δ௫ ൌ 𝑥஼ െ 𝑥ீ
Δ௬ ൌ 𝑦஼ െ 𝑦ீ

 (4) 

The relationships between the terms from Eq. (3) and 
Eq. (4) are given in Eq. (5):   

 

⎩
⎪
⎨

⎪
⎧Δ௫ ൌ 𝜌𝐶ఉ

Δ௬ ൌ 𝜌𝑆ఉ

𝛽 ൌ atan2൫Δ௬, Δ௫൯    ሺvalid only when 𝜌 ൐ 0ሻ
𝛼 ൌ 𝜃 െ 𝛽

 (5) 

Taking the derivatives of ሺ𝜌, 𝛽, 𝛼ሻ leads to the modified 
kinematic model of the robot with polar coordinates as 
shown in Eq. (6): 

 ൞

𝜌ሶ ൌ 𝐶ఈ𝑣 ൅ 𝑑𝑆ఈ𝜔

𝛽ሶ ൌ
ௌഀ

ఘ
𝑣 െ

ௗ஼ഀ

ఘ
𝜔

𝛼ሶ ൌ 𝜔 െ 𝛽ሶ
 (6) 

which can be expressed more compactly in Eq. (7): 

 𝐪ሶ ൌ 𝐆ሺ𝐪ሻ𝐮 (7) 

where 𝐮 ൌ ሾ𝑣, 𝜔ሿ் is the control input vector and 𝐆 is the 
input matrix given in Eq. (8): 

 𝐆ሺ𝐪ሻ ൌ

⎣
⎢
⎢
⎡
𝐶ఈ 𝑑𝑆ఈ
ௌഀ

ఘ
െ

ௗ஼ഀ

ఘ

െ
ௌೌ

ఘ
1 ൅

ௗ஼ഀ

ఘ ⎦
⎥
⎥
⎤
 (8) 

The ideal result of the docking problem would be when 
the AMR pose is at the origin 𝐪 ൌ ሺ0,0,0ሻ. 

B. Time-Invariant Unconstrained Controller Design 

Let us consider a Lyapunov function given in Eq. (9): 

 𝑉 ൌ
ଵ

ଶ
ሺ𝜌ଶ ൅ 𝛽ଶ ൅ 𝛼ଶሻ (9) 

The derivative of V is given by Eq. (10): 
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 𝑉ሶ ൌ 𝜌𝜌ሶ ൅ ሺ𝛽 െ 𝛼ሻ𝛽ሶ ൅ 𝛼𝜔 (10) 

The control law is proposed in Eq. (11): 

 ቐ
𝜌ሶ ൌ െ𝑘ఘ𝑝௦ െ

ఈఠ

ఘ
െ

ൣ௞ഀఈା௞ഁఉ  ௛ሺ𝐪ሻ൧ఈ

ఘ

𝛽ሶ ൌ െ𝑘ఉ𝛽 ℎሺ𝐪ሻ
 (11) 

where 𝑘ఘ, 𝑘ఈ, 𝑘ఉ ൐ 0  and s are the parameters of the 
controller. The function ℎሺ𝐪ሻ is chosen in a way such that 
ℎሺ𝐪ሻ ൐ 0, ∀𝐪. 

Substituting Eq. (11) into Eq. (10) leads to: 

 𝑉ሶ ൌ െ𝑘ఘ𝜌௦ାଵ െ 𝑘ఈ𝛼ଶ െ 𝑘ఉ𝛽ଶℎሺ𝐪ሻ (12) 

The function V is positive definite and its time 
derivative 𝑉ሶ , given by Eq. (12), is negative definite. 
Therefore, the system states are asymptotically converged 
to the origin according to Lyapunov stability theorem. 

Let us define: 

 ൝
𝑢ଵ ൌ െ𝑘ఉ𝜌𝛽 ℎሺ𝐪ሻ

𝑢ଶ ൌ െ𝑘ఘ𝑝௦ െ
ൣ௞ഀఈା௞ഁఉ ௛ሺ𝐪ሻ൧ఈ

ఘ

 (13) 

From Eq. (6), Eq. (11) and Eq. (13) one can derive: 

 ቈ
𝑆ఈ െ𝑑𝐶ఈ

𝐶ఈ 𝑑𝑆ఈ ൅
ఈ

ఘ
቉ ቂ

𝑣
𝜔ቃ ൌ ቂ

𝑢ଵ
𝑢ଶ

ቃ (14) 

The solution for the unconstrained control signal,  
𝐮௨௖ ൌ ሺ𝑣௨௖, 𝜔௨௖ሻ, can then be computed from Eq. (14) as 
shown in Eq. (15): 

 ቐ
𝑣௨௖ ൌ

ሾఈାௗఘௌഀሿ௨భାௗఘ஼ഀ௨మ

ௗఘାఈௌഀ

𝜔௨௖ ൌ
ିఘሾ஼ഀ௨భିௌೌ௨మሿ

ௗఘାఈௌഀ

 (15) 

It can be seen that 𝑑𝜌 ൅ 𝛼𝑆ఈ ൐ 0, ∀𝛼 ∈ ሾെ𝜋, 𝜋ሿ and 
𝜌 ൐ 0  (assuming that 𝑑 ൐ 0 ). Singularity happens only 
when 𝜌 ൌ 0, which should not occur according to Eq. (5). 
In practice, the robot can be stopped when it reaches 
sufficient proximity to the goal (i.e. when0 ൏ 𝜌 ≪ 1 ). 
This ensures that the control signals remain valid. 

C. Reference-Tracking PMN Controller Design 

In practice, mobile robots have constraints on their 
linear and angular speeds. The unconstrained controller 
may not ensure stability in all the cases where input 
constraints exist.  

Two types of input constraints are being considered in 
this work. The first type involves the upper and lower 
limits of the robot’s linear and angular velocities, defined 
in Eq. (16): 

 ൜
െ𝑣୫ୟ୶ ൑ 𝑣 ൑ 𝑣୫ୟ୶
െ𝜔୫ୟ୶ ൑ 𝜔 ൑ 𝜔୫ୟ୶

 (16) 

where 𝑣୫ୟ୶ and 𝜔୫ୟ୶  are the maximum values of the 
robot linear and angular speeds, respectively. 

The second constraint type involves the rate limits on 
the robot’s linear and angular velocities. For simplicity, 
these constraints are formulated in Eq. (17): 

 ൜
|𝑣ሺ𝑡ሻ െ 𝑣ሺ𝑡 ൅ Δ𝑡ሻ| ൑ 𝑘௩Δ𝑡
|𝜔ሺ𝑡ሻ െ 𝜔ሺ𝑡 ൅ Δ𝑡ሻ| ൑ 𝑘ఠΔ𝑡

 (17) 

where 𝑘௩, 𝑘ఠ ൐ 0 are the rate limits of the robot’s linear 
and angular velocities respectively, Δ𝑡  is the sampling 
time of the control loop. The two terms 𝑘௩, 𝑘ఠ  are 
determined by the robot specification or can be tuned for 
specific situations. 

In discrete space, the rate limit constraints can be 
rewritten in the following form: 

 |𝐮௞ െ 𝐮௞ିଵ| ൑ 𝐤௩ఠΔ𝑡 (18) 

which is equivalent to: 

 𝐮௞ିଵ െ 𝐤௩ఠΔ𝑡 ൑ 𝐮௞ ൑ 𝐮௞ିଵ ൅ 𝐤௩ఠΔ𝑡 (19) 

where 𝐤௩ఠ ൌ ሾ𝑘௩, 𝑘ఠሿ் . The subscripts k and (k−1) in  
Eq. (18) and Eq. (19) indicate the values at the current and 
previous sampling times, respectively. 

To address these constraints, the PMN control  
technique [24] is adapted for reference tracking, where the 
control vector obtained from the unconstrained control law 
in Eq. (15) serves as the reference signal. The  
reference-tracking PMN controller is developed as 
follows. 

Rewrite the Lyapunov function in Eq. (9) in the vector 
form as given in Eq. (20): 

 𝑉 ൌ
ଵ

ଶ
𝐪்𝐪 (20) 

The reference-tracking PMN control law is designed as 
an optimization problem shown in Eq. (21) and Eq. (22) 
for finding the input control vector u at each control loop 
iteration: 

 minimize  
ଵ

ଶ
ሺ𝐮 െ 𝐮௨௖ሻ்𝐇ሺ𝐮 െ 𝐮௨௖ሻ (21) 

subject to: 

 ൜𝚫𝑉ሺ𝐪ሻ்𝐆ሺ𝐪ሻ𝐮 ൑ െ𝑊ሺ𝐪ሻ
𝐮୫୧୬ ൑ 𝐮 ൑ 𝐮୫ୟ୶

 (22) 

where 𝐮୫୧୬ and 𝐮୫ୟ୶ are the lower and upper bounds on 
the control vector u, respectively. H is a positive definite 
weighting matrix (often just the identity matrix), 𝑊ሺ𝐪ሻ is 
a positive definite function determining the decrease rate 
of V, and 𝐮௨௖ is the unconstrained control vector computed 
from Eq. (15). For this case, the gradient of the Lyapunov 
function with respect to q is given by Eq. (23): 

 𝚫𝑉ሺ𝐪ሻ ൌ 𝐪 (23) 
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The lower and upper bounds of the control vector u are 
determined from Eq. (16) and Eq. (19), resulting in  
Eq. (24) and Eq. (25): 

 𝐮୫୧୬ ൌ ൤
maxሺെ𝑣୫ୟ୶, 𝑣௞ିଵ െ 𝑘௩Δ𝑡ሻ
maxሺെ𝜔୫ୟ୶, 𝜔௞ିଵ െ 𝑘ఠΔ𝑡ሻ൨ (24) 

 𝐮୫ୟ୶ ൌ ൤
minሺ𝑣୫ୟ୶, 𝑣௞ିଵ ൅ 𝑘௩Δ𝑡ሻ
minሺ𝜔୫ୟ୶, 𝜔௞ିଵ ൅ 𝑘ఠΔ𝑡ሻ൨ (25) 

Let us rewrite the optimization problem in Eq. (21) in 
the standard Quadratic Programming (QP) form, as shown 
in Eqs. (26)–(28): 

 minimize  
ଵ

ଶ
𝐮்𝐇𝐮 ൅ 𝐟்𝐮  (26) 

subject to: 

 𝐀 𝐮 ൑ 𝐛 (27) 

where: 

 ቐ
𝐟 ൌ െ𝐇 𝐮௨௖

𝐀 ൌ ሾ𝚫𝑉ሺ𝐪ሻ்𝐆ሺ𝐪ሻ; 𝐈; െ𝐈ሿ
𝐛 ൌ ሾെ𝑊ሺ𝐪ሻ; 𝐮୫ୟ୶; െ𝐮୫୧୬ሿ

 (28) 

with I is the identity matrix of size ሾ2 ൈ 2ሿ, 𝐮୫୧୬ and 𝐮୫ୟ୶ 
are computed from Eq. (24) and Eq. (25), respectively.  

Solving the QP problem in Eq. (26) at each sampling 
time of the control loop will give us the optimal control 
vector 𝐮௢௣௧ that drives the mobile robot. In the ideal case, 
this control vector is equal to 𝐮௨௖. 

The purpose of using 𝐮௨௖  is to emulate as closely as 
possible to the unconstrained controller’s performance 
while respecting input constraints and maintaining 
stability. 

The term 𝑊ሺ𝐪ሻ can be considered as a tuning term. It 
can significantly affect the controller’s performance. In 
this work, it is proposed to choose 𝑊ሺ𝐪ሻ based on the 
decay rate of the Lyapunov function under the 
unconstrained controller shown in Eq. (29): 

 𝑊ሺ𝐪ሻ ൌ െ𝑘௏𝑉ሶ ሺ𝐪ሻ (29) 

where 𝑉ሶ ሺ𝐪ሻ is given in Eq. (12) and 0 ൏ 𝑘௏ ൑ 1  is a 
tuning parameter. 

In this design solution, the reference-tracking PMN 
controller has six tuning parameters which are: 𝑘ఘ, 𝑘ఉ, 𝑘ఈ, 
𝑠, 𝑘௏ and d.  

D. Infeasibility Handling 

In the QP problem in Eq. (26), it is possible that there is 
no u that satisfies the constraint in Eq. (27). To address this 
issue, one possible approach is to relax the constraint. The 
original QP problem in Eq. (21) is replaced by a  
soft-constrained problem given by Eqs. (30) and (31): 

 minimize   
ଵ

ଶ
ሺ𝐮 െ 𝐮௨௖ሻ்𝐇ሺ𝐮 െ 𝐮௨௖ሻ ൅

ଵ

ଶ
𝜇𝜁ଶ (30) 

subject to: 

 ቐ
𝚫𝑉ሺ𝐪ሻ்𝐆ሺ𝐪ሻ𝐮 െ 𝜁 ൑ െ𝑊ሺ𝐪ሻ
𝐮୫୧୬ ൑ 𝐮 ൑ 𝐮୫ୟ୶
𝜁 ൒ 0

 (31) 

where 𝜇 ൐ 0  is the penalty weight that controls the  
trade-off between the original objective and constraint 
violation, 𝜁 is the slack variable. 

The objective function of the QP problem in Eq. (30) 
can be reformulated in the following form in Eq. (32): 

 minimize   
ଵ

ଶ
൫𝑈 െ 𝑈௥௘௙൯

்
𝐏൫𝑈 െ 𝑈௥௘௙൯ (32) 

or in the standard QP form: 

 minimize 
ଵ

ଶ
𝑈்𝐏𝑈 ൅ 𝐠்𝑈 (33) 

subject to: 

 𝐂 𝑈 ൑ 𝐝 (34) 

where: 

 𝑈 ൌ ቂ
𝐮
𝜁 ቃ , 𝑈௥௘௙ ൌ ቂ

𝐮௨௖
0 ቃ (35) 

 𝐏 ൌ ൤
𝐇 𝟎ଶൈଵ
𝟎ଵൈଶ 𝜇 ൨ , 𝐠 ൌ െ𝐏 𝑈௥௘௙ (36) 

 𝐂 ൌ ൦

𝚫𝑉ሺ𝐪ሻ்𝐆ሺ𝐪ሻ െ1
𝐈 𝟎ଶൈଵ
െ𝐈 𝟎ଶൈଵ
𝟎ଵൈଶ െ1

൪ , 𝐝 ൌ ൦

െ𝑊ሺ𝐪ሻ
𝐮୫ୟ୶
െ𝐮୫୧୬
0

൪ (37) 

The QP problem formulated in Eqs. (33)–(37) always 
has a solution and handles near-infeasible situations more 
gracefully. The main drawbacks are potential small 
constraint violations due to numerical issues and increased 
problem size from adding the slack variable 𝜁. 

In this design solution, the controller has seven tuning 
parameters which are: 𝑘ఘ, 𝑘ఉ, 𝑘ఈ, 𝑠, 𝑘௏, 𝜇, and d.  

IV. RESULT AND DISCUSSION 

This section presents simulations and experiments using 
an AMR to evaluate controller performance. First, the 
proposed time-invariant unconstrained control law is 
compared with the controller from Ref. [4] in simulations 
to show the advantages of the proposed approach. Second, 
further simulations and experiments validate the  
reference-tracking PMN controller. 

A. Docking Setup with the Vibot-2 AMR 

Fig. 2 shows the experiment setup with the Vibot-2 
AMR [25]. The robot has two 120W BLDC motors driving 
two fixed wheels (which are placed in the middle of the 
base chassis). There are four caster wheels at four corners 
of the base. This combination allows the AMR to carry 
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large payloads (up to 120 kg) and move with maximum 
linear speed of 0.78 m/s. 

 

 
Fig. 2. Docking setup with the Vibot-2 AMR. 

For docking tasks, the robot moves backward to pick up 
or deliver carts at cart stations or to return to the charging 
station after completing a given task. A Zed2i camera 
(from StereoLabs) is attached to the rear of the base to aid 
the robot in positioning during the docking phase. The 
camera position in the frame ⟨𝑂்⟩ is ሺ𝑥஼௔௠, 𝑦஼௔௠ሻ. 

The dock station uses an AprilTag with a size of  
16 cm ൈ 16 cm as the fiducial tag for the vision-based 
positioning module. A pose estimator using the Zed2i 
camera and AprilTag library [26] was developed from a 
previous work [27].  

In the docking phase, the Vibot-2 AMR must meet not 
only the constraints on the linear and angular velocities but 
also the constraints on the robot posture at the entry point 
to the dock station. This means that, at the entrance to the 
dock station, where 𝑥஼௔௠ ൌ 𝛿௫, the distance from the rear 
camera attachment point to the axis 𝐱்  and the heading 
angle 𝜃 must satisfy the constraints given in Eq. (38): 

 ൜
|𝑦஼௔௠| ൑ 𝛿௬

|𝜃| ൑ 𝛿ఏ
 (38) 

where 𝛿௬, 𝛿ఏ are the limits on the robot pose. These two 
parameters including 𝛿௫  are user-defined depending on 
each specific docking problem. At the entry point to the 
dock station, large errors in the y-axis and heading angle 𝜃 
will increase the probability of collision between the robot 
base and the delivery carts. This will greatly reduce the 
successful docking rate. Therefore, it is important to 
satisfy the conditions in Eq. (38).  

For the docking problem of the Vibot-2 AMR in this 
work, the coordinates of the goal point is given by Eq. (39): 

 ൜
𝑥ீ ൌ 𝑑஼௔௠ െ 𝑑
𝑦ீ ൌ 0.0  (39) 

where 𝑑஼௔௠ ൌ 0.4 m is the distance from the rear camera 
to the center point 𝑂௠ of the robot base. The parameter d 
can be varied in the range: 0 ൏ 𝑑 ൑ 0.4 ሺmሻ.  

In this setup, the goal point G is chosen so that when the 
reference point C reaches G, the camera attachment point 
will coincide with the origin point 𝑂்  of the tag frame. 
However, the stopping position of the robot is set at a 

distance of 𝑥௦௧௢௣ ൌ 0.3 m (the distance between the 
stopping contact point and the fiducial tag). 

The parameters for the input constraints and pose 
constraints are chosen as follows: 

 𝑣୫ୟ୶ ൌ 0.12 m/s 
 𝜔୫ୟ୶ ൌ 0.12 rad/s 
 𝑘௩ ൌ 0.4 m/s2 
 𝑘ఠ ൌ 0.922 rad/s2 
 𝛿௫ ൌ 1.1 m 
 𝛿௬ ൌ 0.1 m 
 𝛿ఏ ൌ 5º 

Near the entry point of the dock station (where  
𝑥஼௔௠ ൎ 𝛿௫), smaller values of 𝑦஼௔௠ and 𝜃 provide better 
docking performance because the robot pose becomes 
closer to the ideal docking pose while avoiding collision 
with the cart. 

B. Simulation of the Time-Invariant Unconstrained 
Controller 

The conventional posture stabilization controller 
presented in Ref. [4] was developed based on the robot 
kinematic model with the term 𝑑 ൌ 0. The control law is 
given in Eq. (40): 

 ቊ
𝑣 ൌ െ𝑘ఘ଴𝜌଴

𝜔 ൌ 𝑘ఉ଴𝛽଴ െ 𝑘ఈ଴𝛼଴
 (40) 

where 𝐪଴ ൌ ሺ𝜌଴, 𝛽଴, 𝛼଴ሻ  is the robot polar coordinate 
vector computed with respect to the reference point 𝑂௠ of 
the mobile base, and 𝑘ఘ଴, 𝑘ఉ଴, 𝑘ఈ଴ ൐ 0 are the controller 
parameters. Note that with this control law, the robot can 
only move backward in this docking setup. 

For the unconstrained control law in Eq. (15), the term 
ℎሺ𝐪ሻ is given by Eq. (41): 

 ℎሺ𝐪ሻ ൌ 𝑒ିఈమ
 (41) 

The parameters of the controllers are given in Eq. (42): 

 ൞

𝑘ఘ ൌ 𝑘ఘ଴ ൌ 0.08
𝑘ఉ ൌ 𝑘ఉ଴ ൌ 2.0
𝑘ఈ ൌ 𝑘ఈ଴ ൌ 1.0
𝑠 ൌ 0.0

 (42) 

The stopping condition for the new controller is  
𝜌 ൏ 0.001 m (when point C approaches goal point G). 

Several simulations are performed at different initial 
poses of the robot and with different values for d (in order 
to see the influence of this term on the robot performance 
since it plays an important role in the design of the 
proposed time-invariant control law). The performance of 
the two control laws is evaluated in terms of: output 
control signals, trajectory of the camera attachment point 
ሺ𝑥஼௔௠, 𝑦஼௔௠ሻ, as well as the robot heading angle. 

Figs. 3 and 4 show the simulation results of the 
conventional controller (denoted as “Con.”) and the 
proposed controller (denoted as “Mod.”) corresponding to 
the three following cases:  
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 Case 1: ሺ𝑥஼௔௠, 𝑦஼௔௠, 𝜃ሻ௧ୀ଴ ൌ (2.4 m, −0.6 m, 
−90º) 

 Case 2: ሺ𝑥஼௔௠, 𝑦஼௔௠, 𝜃ሻ௧ୀ଴ ൌ (2.4 m, 0.6 m, 0º) 
 Case 3: ሺ𝑥஼௔௠, 𝑦஼௔௠, 𝜃ሻ௧ୀ଴ ൌ (2.4 m, −0.6 m, 45º) 

Table I shows the values for checking the constraints in 
Eq. (38), at the distance 𝑥஼௔௠ ൌ 𝛿௫ ൌ 1.1 m, as well as the 
MAE (Means of Absolute Error) with respect to 𝑦஼௔௠ and 
the heading angle 𝜃 (calculated over a time span of 60 s). 

In terms of the pose errors as well as the time to reach 
the goal point and the MAE, in both cases, the proposed 
control law gives better performance than the conventional 
one. From Table I, it can be observed that all controllers 
perform well in terms of position constraints on the y-axis. 
However, in terms of heading angle, the Con. controller 
has the worst performance, violates the orientation 
constraint in Eq. (38) in all the cases by a considerable 
margin. Meanwhile, the Mod. controller performs well in 
case 2 and case 3, and in case 1, only the one with d = 
0.1 m satisfies the orientation constraint. 

It can be seen that, for the Mod. controller, smaller 
values of d provide us better responses in tracking errors, 
especially in terms of heading angle. However, at smaller 
d, larger overshoots occur in the tracking errors for the  
y-axis and angle 𝜃 . From Fig. 4, the control signals 
corresponding to smaller d values have quite large values 
(at the beginning of the docking phase). This property is 
not always good, especially when there are constraints on 
the control signals. 

In the case of the Mod. controller, the robot can move 
forward and backward (i.e., cases 2 and 3 in Fig. 4) which 
enables a better steering capability. The control law can 
maintain a constant linear velocity near the docking 

station. Although this may be considered as a drawback 
that can harm the robot base at the moment of contact with 
the dock, it can be overcome easily by using a stopping 
mechanism (e.g. using a spring stopping plate like in the 
case of the Vibot-2 AMR in Fig. 2). On the other hand, in 
the case of the Con. controller, the robot moves backward 
with its linear velocity decreasing proportionally to the 
distance from the robot to the docking station, which 
greatly slows down the robot when it is near the goal, thus 
prolonging the docking time.  

TABLE I. CHECKING POSE CONSTRAINTS IN SIMULATION OF THE  
TIME-INVARIANT CONTROLLERS 

Controllers 
Constraints 

& MAE 
CASE 1 CASE 2 CASE 3 

Con. 
d = 0 m 

𝑦஼௔௠ (cm) 2.27 −1.64 1.74 
𝜃 (deg) −11.2321 8.0906 −8.6983 

𝑀𝐴𝐸௬ (cm) 2.69 2.17 2.03 
𝑀𝐴𝐸ఏ (deg) 8.2694 4.4522 3.4507 

Mod. 
d = 0.4 m 

𝑦஼௔௠ (cm) −4.5e−3 3.2e−7 −2.6e−12 
𝜃 (deg) −11.3717 4.16 −1.08 

𝑀𝐴𝐸௬ (cm) 1.07 0.60 0.71 
𝑀𝐴𝐸ఏ (deg) 4.9092 3.3507 2.2711 

Mod. 
d = 0.3 m 

𝑦஼௔௠ (cm) 1.56 −0.42 0.10 
𝜃 (deg) −9.0153 2.41 −0.58 

𝑀𝐴𝐸௬ (cm) 1.11 0.67 0.80 
𝑀𝐴𝐸ఏ (deg) 4.1526 2.9033 2.1024 

Mod. 
d = 0.2 m 

𝑦஼௔௠ (cm) 1.98 −0.28 0.05 
𝜃 (deg) −5.6985 0.79 −0.15 

𝑀𝐴𝐸௬ (cm) 1.13 0.74 0.86 
𝑀𝐴𝐸ఏ (deg) 3.5674 2.5149 1.8643 

Mod. 
d = 0.1 m 

𝑦஼௔௠ (cm) 0.81 −0.02 0.001 
𝜃 (deg) −1.5457 0.03 −0.002 

𝑀𝐴𝐸௬ (cm) 1.09 0.72 0.83 
𝑀𝐴𝐸ఏ (deg) 3.1057 2.1511 1.5637 

 

 
Fig. 3. Simulation of the time-invariant unconstrained controllers: Comparison in pose errors.  
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Fig. 4. Simulation of the time-invariant unconstrained controllers: Comparison in control signals. 

C. Simulation of the PMN Controller with Soft-Constrained 

In this Section, several simulations are carried out to 
verify the performance of the reference-tracking PMN 
controller with infeasibility handling in Eq. (33). The 
controller parameters are set with the same values as given 
in Eq. (42) with two additional terms given in Eq. (43): 

 ൜
𝑘௏ ൌ 0.01
𝜇 ൌ 100  (43) 

The term d is also evaluated at 4 different values:  
d = 0.1, 0.2, 0.3, and 0.4. The simulations are carried out 
in MATLAB/Simulink. The “quadprog” function is used 
to solve the QP problem in Eq. (33) to compute the optimal 
control vector 𝑈௢௣௧. The initial guess of the QP solver at 
each time step is chosen as 𝑈ሺ0ሻ ൌ 𝑈௥௘௙ which is defined 
in Eq. (35). 

 
Fig. 5. Simulation of the PMN controllers with soft-constrained: Pose errors.
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Fig. 6. Simulation of the PMN controllers with soft-constrained: Control signals and slack variables. 

Figs. 5 and 6 show the simulation results in the three 
cases with the same starting pose as in the previous 
Section. Table II shows the results for checking the pose 
constraints in Eq. (38) and the maximum value of the slack 
variable 𝜁 for validating the solutions of the QP problem 
in Eq. (33) as well as the MAE with respect to 𝑦஼௔௠ and 
the heading angle 𝜃  (calculated over the time span of  
60 s).  

TABLE II. CHECKING POSE CONSTRAINTS IN SIMULATION OF THE PMN 

CONTROLLERS WITH SOFT-CONSTRAINED 

Controllers 
Constraints 

& MAE 
CASE 1 CASE 2 CASE 3 

Mod. 
d = 0.4 m 

𝑦஼௔௠ (cm) 1.8e−3 5.9e−5 −5.6e−16 
𝜃 (deg) −5.363 6.085 −0.372 
𝜁୫ୟ୶ 0 0.002 0.0013 

𝑀𝐴𝐸௬ (cm) 3.28 4.37 3.56 
𝑀𝐴𝐸ఏ (deg) 10.9360 5.5820 3.6532 

Mod. 
d = 0.3 m 

𝑦஼௔௠ (cm) 0.89 −0.83 0.04 
𝜃 (deg) −5.038 4.755 −0.251 
𝜁୫ୟ୶ 0 0.0024 0.0014 

𝑀𝐴𝐸௬ (cm) 3.64 4.67 4.07 
𝑀𝐴𝐸ఏ (deg) 10.6009 5.6086 3.8567 

Mod. 
d = 0.2 m 

𝑦஼௔௠ (cm) 1.03 −0.79 0.02 
𝜃 (deg) −2.932 2.263 −0.062 
𝜁୫ୟ୶ 0 0.0029 0.0014 

𝑀𝐴𝐸௬ (cm) 3.62 4.65 4.22 
𝑀𝐴𝐸ఏ (deg) 10.3123 5.4158 3.8479 

Mod. 
d = 0.1 m 

𝑦஼௔௠ (cm) 0.19 −0.03 3.6e−4 
𝜃 (deg) −0.299 0.064 −6.8e−4 
𝜁୫ୟ୶ 0 0.0045 0.0017 

𝑀𝐴𝐸௬ (cm) 3.71 4.95 4.67 
𝑀𝐴𝐸ఏ (deg) 10.2470 5.5793 4.0264 

 
It can be observed from Table II that in the first case, 

the solutions of QP problems with respect to different 
values of d have no violation as 𝜁୫ୟ୶ ൌ 0. In cases 2 and 

case 3, violations occur at the beginning of the docking 
phase with small values of 𝜁. Under input constraints on 
the linear and angular velocities of the robot, the PMN 
controllers perform better than the proposed unconstrained 
one where the pose errors in the y-axis and heading angle 
have been reduced in magnitudes (can be seen from  
Tables I and II). Smaller values of d lead to better 
performance in terms of orientation errors (see Fig. 5 and 
Table II). 

From Fig. 6, similar effects in terms of overshoots with 
respect to different values of d can be observed, compared 
to the Mod. unconstrained controllers. Controllers with 
smaller values of d will produce greater overshoot effect. 
In fact, when d is very small (e.g. 𝑑 ≪ 0.1 ), large 
oscillations can occur, especially in terms of angular 
velocity. 

D. Experiment Results 

In order to validate the performance of the proposed 
controller in practice, different experiments are carried out 
with the Vibot-2 AMR. These experiments also have the 
same setup conditions as in the simulation sections.  

Fig. 7 shows the diagram with the main function blocks 
of the robot control system. 

 

 
Fig. 7. Docking control scheme of the Vibot-2 AMR. 
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Fig. 8. Experiment setup: Vibot-2 AMR at different starting poses. 

An industrial PC with CPU Intel Core i7-8550U running 
Ubuntu 18.04 is used to manage the control system 
including the positioning module based on the AprilTag 
ROS package [27] with the Zed2i stereo camera. The 
output frequency of the odometry module is 100 Hz while 
the vision-based positioning module processes at a slower 
rate of 20 Hz. The frequency of the main control loop is 
set at 50 Hz. Since the QP problem only needs to deal with 
a decision vector of small dimension (in this case the 
dimension is 4), it is able to perform fast enough within the 
sampling time of the control loop. For solving this 
optimization, the minimize function in the SciPy  
library [28] with Sequential Least Squares Programming 
(SLSQP) method is used. 

With different values of d, the coordinates of the 
reference point C are computed in Eq. (44): 

 ൜
𝑥஼ ൌ 𝑥஼௔௠ ൅ ሺ𝑑஼௔௠ െ 𝑑ሻ𝐶ఏ

𝑦஼ ൌ 𝑦஼௔௠ ൅ ሺ𝑑஼௔௠ െ 𝑑ሻ𝑆ఏ
 (44) 

where the robot pose taken at the camera attachment point 
ሺ𝑥஼௔௠, 𝑦஼௔௠, 𝜃ሻis calculated from an Extended Kalman 
Filter (EKF) with two sources of location inputs: the 
odometry and the vision-based modules. Fig. 8 shows the 
starting pose of the robot in the three cases. Figs. 9 and  
10 show the experiment results with respect to the three 
cases with four different values of d. The values of the pose 
errors for checking the pose constraints in Eq. (38) and the 
slack variable as well as the MAE with respect to 𝑦஼௔௠ and 
the heading angle 𝜃 (calculated over the longest time span 
from the starting pose until the robot reaches the stopping 
plate in each docking case) are shown in  
Table III.  

From Figs. 9 and 10, it can be seen that large oscillations 
occur with the real robot in the cases of  
𝑑 ൌ 0.1 m and 𝑑 ൌ 0.2 m (even at steady state when the 
robot is near the goal point, which greatly prolong the 
docking time). In case 1, although both controllers with 
different d violate the pose constraints in Eq. (38), the 
robot can still successfully dock, mainly due to having a 
favorable starting pose. For case 2 (a parallel docking 
case), the controllers with 𝑑 ൌ 0.1 m and 𝑑 ൌ 0.2 m give 

the worst results in terms of both pose error constraints and 
MAE in which actual collision with the delivery cart 
occurred in the case of 𝑑 ൌ 0.2 m. The probabilities of 
violating the constraints in the QP problem are also higher 
with larger margins with these two PMN controllers (see 
Fig. 10 and Table III). 

From the responses of the pose errors in Fig. 9, the PMN 
controller with 𝑑 ൌ 0.3 m gives the best results in case 1 
and case 2 with less oscillations, smallest docking times 
and smallest MAE. In case 3, the PMN controller with  
𝑑 ൌ 0.4 m  performs slightly better with smallest pose 
error constraint values and MAE. In terms of control 
signals (see Fig. 10), the PMN controller with 𝑑 ൌ 0.4 m 
has better responses in case 2 and case 3 with less 
oscillations in terms of linear and angular velocities 
compared to the case with 𝑑 ൌ 0.3 m. From these results, 
for the Vibot-2 AMR, it is better to choose d in the range 
of [0.3, 0.4]. 

TABLE III. VALUES OF POSE CONSTRAINTS AND SLACK VARIABLE IN 

EXPERIMENTS 

Controllers 
Constraints 

& MAE 
CASE 1 CASE 2 CASE 3 

Mod. 
d = 0.4m 

𝑦஼௔௠ (cm) 4.06 1.87 0.36 
𝜃 (deg) −8.11 −5.23 2.13 
𝜁୫ୟ୶ 0.0012 0.0048 0.0036 

𝑀𝐴𝐸௬ (cm) 7.11 17.73 8.93 
𝑀𝐴𝐸ఏ (deg) 17.2010 13.9151 5.8043 

Mod. 
d = 0.3m 

𝑦஼௔௠ (cm) 3.49 1.11 0.62 
𝜃 (deg) −10.13 −5.32 3.01 
𝜁୫ୟ୶ 8.87e−4 0.0040 0.0078 

𝑀𝐴𝐸௬ (cm) 6.30 14.54 10.14 
𝑀𝐴𝐸ఏ (deg) 16.2372 13.1374 6.4613 

Mod. 
d = 0.2m 

𝑦஼௔௠ (cm) −0.04 −2.96 −1.24 
𝜃 (deg) −10.09 9.20 2.42 
𝜁୫ୟ୶ 0.0193 0.0248 0.0043 

𝑀𝐴𝐸௬ (cm) 8.11 17.67 11.38 
𝑀𝐴𝐸ఏ (deg) 17.5225 19.0760 7.0754 

Mod. 
d = 0.1m 

𝑦஼௔௠ (cm) 1.18 16.63 −3.27 
𝜃 (deg) −7.41 −25.70 3.15 
𝜁୫ୟ୶ 0.0024 0.0055 0.0056 

𝑀𝐴𝐸௬ (cm) 9.57 17.27 11.64 
𝑀𝐴𝐸ఏ (deg) 18.8159 20.1595 7.3289 
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Fig. 9. Experiment results: Pose errors of the reference-tracking PMN controllers. 

 
Fig. 10. Experiment results: Control signals and slack variables of the reference-tracking PMN controllers. 

It can be observed that these results are quite 
contradictory to the simulation results, where controllers 
with smaller values of d provided better docking 
performance. In fact, the simulation tests are performed 
with purely kinematic model of the AMR. The introduced 
control laws are derived based on the modified kinematic 
model and they do not take into account the robot 
dynamics. In experiments with the real robot, high speed 
motions tend to generate inertia that affects the steering 
ability of the robot. This explains the inferior performance 

of the robot in experiments with the PMN controllers with 
𝑑 ൌ  0.1 m and 𝑑 ൌ  0.2 m since they produce greater 
overshoot effects and thus cause more chattering in the 
control signals and robot trajectory. Furthermore, because 
the Vibot-2 AMR uses a vision based positioning module, 
a lot of noise may occur while the robot is moving, 
especially in rotating motions with high speed. These 
dynamic noises also contribute to the probability of 
generating large oscillations during the docking phase. For 
these reasons, it is necessary to constrain the robot speeds 
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within a slow range while simultaneously selecting control 
parameters to reduce overshoot in order to achieve more 
stable docking performance.  

V. CONCLUSION 

This paper has presented a novel hybrid control 
framework for AMR docking that combines a  
time-invariant technique with model predictive control. 
Simulations demonstrate the advantages of the proposed 
unconstrained time-invariant controller compared to 
conventional methods in terms of both pose error 
constraints and MAE. To implement this control approach 
practically, a reference-tracking PMN controller was 
developed that effectively handles the constraints imposed 
on robot motion during the docking phase. Both 
simulations and experimental validation on a physical 
AMR confirm the effectiveness of this hybrid approach. 
Particular attention was given to analyzing controller 
behavior under variations in the geometric parameter d, a 
key factor in the design of the new control laws based on 
the modified kinematic model expressed in polar 
coordinates. The close correspondence between the 
simulation and experimental results validates the 
reliability of the proposed solution. The bidirectional 
movement capability enabled by the unconstrained linear 
velocity design provides enhanced steering capabilities, 
while the MPC framework successfully manages all input 
constraints. Future work will focus on further refinement 
and optimization of the proposed hybrid control 
framework to improve docking performance across 
diverse operating conditions.  
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