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Abstract—This research study aims to investigate various
trajectory tracking control techniques for two-wheel mobile
robots. First, a discrete optimal control technique is
formulated to track time-varying desired trajectories, and
then the performance is compared with the performance of
discrete PID and fuzzy controllers. To design the discrete
optimal controller, a Riccati equation is solved from a
developed discrete-time linear model for the two-wheel
mobile robot dynamics. Multiple numerical simulations are
introduced to investigate the effectiveness of the proposed
controllers.
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I.

Description
x and y coordinates of mobile robot
x and y change rate of mobile robot
desired x, y
angular position (orientation angle) of
mobile robot
angular velocity (orientation angle change
rate) of mobile robot around its center
desired 𝜽
linear velocities of mobile robot in x and
y directions
right and left angular velocities of mobile
robot wheels
angular velocity (orientation angle change
rate) of mobile robot around its center
desired 𝝎
radius of mobile robot wheels
distance between the two wheels of
mobile robot
inertial of mobile robot wheels’ motors
viscous friction coefficient of mobile
robot wheels’ motors
armature resistance of mobile robot
wheels’ motors
armature inductance of mobile robot
wheels’ motors
torque coefficient of mobile robot wheels’
motors

INTRODUCTION

The domain of mobile robot control has been the focus
of active research for decades. A mobile robot is a machine
that can combine artificial intelligence and physical
devices that are capable of moving in the surrounding. It
proved its necessity in industrial, military, health care,
distribution of goods, and many other applications in other
fields [1].
Controlling such systems requires understanding the
model of the system which includes the kinematics and
dynamics [2]. Since the system under study is a differential
drive two-wheel mobile robot, it will be constrained to
move in the lateral direction that is known as a
nonholonomic system [3]. Moreover, since the main task
is to control the movement of the two-wheel mobile robot
to have a smooth trajectory tracking, this requires realizing
the motion algorithms of the system, which is known as
path planning. Those algorithms are used to describe the
movement of mobile robots and to finally find an optimal
path like “ant colony optimization algorithm” [4]. Other
algorithms used laser tools to build 3D maps of large,
cyclic environments in real-time [5]. Weighted line fitting
algorithms are also used to build the map for mobile robots
movement [6].
Furthermore, discrete methodologies have a wide range
of applications; for instance, discrete controls are designed
to control the two-wheel mobile robot movement [7]. A
discrete artificial potential field algorithm is used for the
path planning approach [8] and a fuzzy discrete has been
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voltage coefficient of mobile robot
wheels’ motors
right and left armature currents of mobile
robot wheels’ motors
control input voltages applied on the right
and left mobile robot wheels’ motors
load torques applied on the right and left
mobile robot wheels motors due to the
robot weight and wheels’ friction with the
ground
optimal control law
control law
linear velocity of mobile robot
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used to model the system [9]. On the other hand,
Proportional-Integral-Derivative (PID) and fuzzy logic
algorithms are the most common methods used to control
mobile robots. In [10], a fuzzy logic controller was
introduced to track the desired path utilizing distance and
orientation errors. The authors of [11] introduced 153
fuzzy rules for tracking desired paths where these rules
utilized the distant and the orientation errors within a realtime experiment and U-shaped hurdle environment.
Optical navigation that is based on fuzzy logic and
optimum flow approach was presented by the authors of
[12] where its parameters were calculated by the HornSchunk algorithm. A PID controller was designed to drive
a mobile robot in order to track a desired trajectory such as
the one used in [13]. Responses of the robot in the squareshaped trajectory were obtained with a small error. Some
controllers combined a fuzzy logic with a PID to get a fasttracking with a minimal overshoot in comparison with the
traditional PID or fuzzy logic controllers [14].
Moreover, adaptive fuzzy logic control for line tracking
was presented in [15] where a new control scheme
combined PD and fuzzy logic controllers. This control
scheme showed a good steady-state tracking performance.
The results showed an exceedingly small error and fast
convergence towards the desired trajectory in a short
period of time. A new behavior-based fuzzy method was
presented in [16]. This method considered angular
velocities of the wheels as outputs, and it introduced a
limited number of intermediate variables to guarantee the
uniformity of the fuzzy rule bases. Multiple-Input
Multiple-Output (MIMO) fuzzy control for independent
mobile robots addressed the design and implementation of
control systems by [17]. MIMO fuzzy was applied to track
different desired trajectories. Furthermore, a robust
adaptive trajectory tracking controller was introduced in
[18] to compensate for the effects of dynamic disturbance
and improve the adaptive switching control to diminish the
chattering phenomenon and optimize the convergence rate.
However, the proposed controller was designed to be
discrete in order to be less affected by noisy signals. In
addition, it was designed to be optimum to optimize the
performance in terms of error and effort.
A trajectory tracking controller was also designed and
proposed for a two-wheeled mobile robot, named Kian-I,
to facilitate accurate navigation in an immersive
environment [19]. The error between the desired path and
the followed trajectory was eliminated by utilizing the
wheels’ velocity. In [20], the authors presented an
Automated Guided Vehicles (AGV) robot group focusing
on the control part that drives the (AGV) to track certain
paths. Ziegler-Nichols and empirical methods were
utilized for tuning the PID controller. Finally, bio-inspired
optimization algorithms, such as Particle Swarm
Optimization (PSO), Artificial Bee Colony (ABC), and
Firefly Algorithm (FA), along with a PID control were
utilized to determine a collision-free path through fixed
obstacles in the working environment [21]. The proposed
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A preliminary version of this work has appeared in [22].
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controller was applied to a two-wheeled mobile robot on a
real platform and the results were satisfactory.
This paper 1 presents a trajectory tracking discrete
optimal control design for two-wheel mobile robots that
can handle the unknown disturbances associated with their
motion. The preliminary version of this study, in [22],
presented only the design of the optimal controller and
showed the simulation performance results under a circular
trajectory. However, the work in [22] has been extended,
in this article, by testing the proposed discrete optimal
controller with different trajectories and by comparing the
performance with a discrete PID and fuzzy logic
controllers to investigate the validity of the proposed
controller.
The rest of the paper is organized as follows; Section II
presents the mathematical modeling of the two-wheel
mobile robot kinematics and dynamics, Section III
explains the development of the proposed discrete optimal
controller. Sections IV and V introduce a discrete PID
controller and a fuzzy logic controller for the sake of
comparison with the discrete optimal controller. Finally,
Section VI demonstrates numerical simulations and
Section VII presents the conclusions.
II.

MATHEMATICAL MODELING

Mobile robot kinematic and dynamic models are well
described in the literature for various structures and
frameworks as shown in [23]. The proposed two-wheel
mobile robot is depicted in Fig. 1. From the figure, it is
clear that a differential drive is essential to maneuver the
mobile robot and determine its motion trajectory. To
understand how the right and left wheels’ motion affect the
behavior of the entire mobile robot, its kinematics and
dynamics should be understood.
X
Vl

Supporting
Passive Wheel

Vr

2r
ω

θ
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Passive Wheel

2r

d
Y
Figure 1. The proposed two-wheel mobile robot.
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A. Kinematics of Two-Wheel Mobile Robot

B. Dynamics of Two-Wheel Mobile Robot
In order to facilitate the development of the discrete
optimal controller, the mobile robot dynamics are essential
to be determined. In fact, the dynamics are derived from
the mobile robot drive mechanism, which is in this study a
differential drive utilizing two dc motors to drive two
wheels. Hence, the dynamics of the mobile robot wheels’
motors can be described as

The kinematics of the proposed two-wheel mobile robot
is well established in the literature. However, it can be
presented in different ways. The continuous-time version
of the kinematics can be described as follows
𝑟

𝑥̇
𝑣𝑥
[𝑦̇ ] = [𝑣𝑦 ] =
𝜔
𝜃̇

2
𝑟
2

[

𝑐𝑜𝑠 𝜃
𝑠𝑖𝑛 𝜃
𝑟

𝑟
2
𝑟
2

𝑐𝑜𝑠 𝜃
𝜔
𝑠𝑖𝑛 𝜃 [ 𝑟 ]
𝜔𝑙

𝑑

𝑟

𝑑

(1)

From Fig. 1, it is clear that 𝑣𝑟 and 𝑣𝑙 can be computed
from the angular velocities of the mobile robot wheels as
𝑣𝑟 = 𝑟𝜔𝑟 and 𝑣𝑙 = 𝑟𝜔𝑙 , respectively. It should also be
noted that the kinematics in (1) illustrate the relationship
between 𝑥, 𝑦, 𝜃 and 𝜔𝑟 , 𝜔𝑙 that will be utilized later in the
development of the discrete optimal controller. The
relation in (1) can now be linearized as
𝑍̇ = 𝐻(𝑧3 )𝜔

(8)

𝐼̇
𝑅 𝐼
𝑘 𝜔𝑟
1 𝑉
[ 𝑎𝑟 ] = [ 𝑟 ] − 𝑏 [ 𝜔 ] − 𝑎 [ 𝑎𝑟 ]
𝐿𝑎 𝐼𝑎𝑙
𝐿𝑎
𝐿𝑎 𝑉𝑙
̇𝐼𝑎𝑙
𝑙

(9)

that are, in turn, affect the entire mobile robot dynamics.
III.

𝑡
𝑡
∫𝑡 𝑍̇ = ∫𝑡 𝐻(𝑧3 )𝜔𝑑𝑡
𝑜

(11)

the system disturbance. The matrices𝐴 ∈ ℝ4×4 , 𝐵 ∈ ℝ4×2 ,
and 𝐶 ∈ ℝ2×4 are the state matrix, input matrix, and output
matrix, respectively, and written as
−

(5)

𝐵
𝐽

0
𝐴=

−

(6)

0
0
𝐵=

In other words, the desired velocity can be determined
from the desired coordinates and orientation of the mobile
robot as

1

𝐿𝑎

[0

0
−

𝑘𝑏
𝐿𝑎

[ 0

𝜃𝑑

𝜔𝑑 = (𝑔𝑑𝑇 𝑔𝑑 )−1 𝑔𝑑𝑇 (𝑍𝑑 (𝑡) − 𝑍𝑑 (𝑡∘ )).

𝑌 = 𝐶𝑋

(4)

where 𝑔(𝑧3 ) ≜ 𝐻(𝑧3 )𝛥𝑡 and 𝛥𝑡 = (𝑡 − 𝑡∘ ). From (5), it
can be inferred that the desired x, y, θ can be computed
from the desired 𝜔 according to the definition of Z in (2)
and the kinematic model in (5) as follows
𝑍𝑑 (𝑡) = 𝑍𝑑 (𝑡∘ ) + 𝑔(𝑧⏟
3 𝑑 )𝜔𝑑

(10)

(3)

Further manipulation for the expression in (4) results in
𝑍(𝑡) = 𝑍(𝑡∘ ) + 𝑔(𝑧3 )𝜔

𝑋̇ = 𝐴𝑋 + 𝐵𝑈 − 𝐷

where 𝑌(𝑡) ≜ [𝜔𝑟 𝜔𝑙 ]𝑇 ∈ ℝ2 is the system outputs,
𝑋(𝑡) ≜ [𝑥1 𝑥2 𝑥3 𝑥4 ]𝑇 ∈ ℝ4 is the state vector,𝑥1 ≜
𝜔𝑟 , 𝑥2 ≜ 𝜔𝑙 , 𝑥3 ≜ 𝐼𝑎𝑟 , 𝑥4 ≜ 𝐼𝑎𝑙 , 𝑈(𝑡) ≜ [𝑉𝑟 𝑉𝑙 ]𝑇 ∈ ℝ2 is
𝑇𝐿𝑟 𝑇𝐿𝑙
0 0]𝑇 ∈ ℝ4 is
the control input, and 𝐷(𝑡) ≜ [ 𝐽
𝐽

and then
𝑍(𝑡) − 𝑍(𝑡∘ ) = 𝐻(𝑧3 )𝜔(𝑡 − 𝑡∘ ).

DISCRETE OPTIMAL CONTROLLER DESIGN

To facilitate the development of the discrete optimal
controller design, the dynamics in (8) and (9) are
formulated in a state-space representation such as

(2)

where𝑍̇ ∈ ℝ3 is the first time derivative of 𝑍 ∈ ℝ3 , which
is defined as𝑍 ≜ [𝑧1 𝑧2 𝑧3 ]𝑇 with 𝑧1 ≜ 𝑥, 𝑧2 ≜ 𝑦, 𝑧3 ≜
𝜃, and 𝐻(𝑧3 ) ∈ ℝ3×2 . When 𝜔 ≜ [𝜔𝑟 𝜔𝑙 ]𝑇 is set to a
constant, the expression in (1) can be integrated to obtain
the next robot coordinates over a specific period of time as
follows, given the initial robot coordinates,
𝑜

𝜔̇
𝐼
𝑘
1 𝜏𝐿𝑟
𝐵 𝜔𝑟
[ 𝑟 ] = 𝑚 [ 𝑎𝑟 ] − [ 𝜔 ] − [ 𝜏 ]
𝐽 𝐼𝑎𝑙
𝐽
𝐽
𝜔̇ 𝑙
𝐿𝑙
𝑙

]

𝐵
𝐽

0
−

𝑘𝑏
𝐿𝑎

𝑘𝑚
𝐽

0
−

𝑅𝑏
𝐿𝑎

0

𝐽

0
−

,

(12)

𝑅𝑏

𝐿𝑎 ]

0
0
1 0 0 0
0 ,𝐶 = [
].
0 1 0 0

(13)

1

𝐿𝑎 ]

The continuous-time state-space representation model
in (10) to (13), can now be discretized using the zero-order
hold method assuming the input is a staircase. Hence, the
discrete-time model can be expressed as in [1]

(7)

where 𝑔𝑑 = 𝑔(𝑧3 𝑑 ). It should be noted that there is a
solution 𝜔𝑑 for any desired value of 𝑍𝑑 if (𝑔𝑑𝑇 𝑔𝑑 )−1 is left
invertible. However, (𝑔𝑑𝑇 𝑔𝑑 )−1 can be proven to be left
invertible as shown in the Appendix I.

𝑋(𝑘 + 1) = 𝐴𝑑 𝑋(𝑘) + 𝐵𝑑 𝑈(𝑘) − 𝐷(𝑘)
𝑌(𝑘) = 𝐶𝑑 𝑋(𝑘)
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where 𝑋(𝑘) is the discrete current state, 𝑋(𝑘 + 1) is the
next discrete current state, 𝑘 is the sampling instant, and
𝐴𝑑 , 𝐵𝑑 , 𝐶𝑑 are the data of the discrete state-space model.
The proposed discrete optimal controller is designed to
obtain a zero-tracking error (i.e., x,y,𝜃 goes to xd, yd,𝜃𝑑 as
time goes to infinity) with a minimum amount of effort, by
the wheels’ motors, to drive the mobile robot along the
prescribed desired trajectory. Actually, the desired
trajectory is tracked by controlling the angular velocities
of the wheels’ motors, which will affect the mobile robot
coordinates accordingly. The discrete optimal controller is,
in fact, designed to compensate for disturbances while
tracking. However, to achieve the aforementioned control
objective (i.e., x,y, 𝜃 goes to xd, yd, 𝜃𝑑 as time goes to
infinity), the mobile robot system should be checked for
controllability. In the simulation section, this will be
demonstrated.
To facilitate the discrete optimal controller design, the
following cost function is utilized
𝑉(𝐸𝑘 ) = 𝐸𝑘𝑇 𝑄𝐸𝑘 + 𝑈𝑘𝑇 𝑅𝑈𝑘 + 𝑉(𝐸𝑘+1 )

used over the past decades due to its efficient performance
in many applications and systems [24]. In general, the PID
controller can be tuned in different methods as described
in [25]. In this section, a discrete PID controller is
implemented using the forward Euler method to control
the mobile robot by tracking prescribed desired trajectories
as follows
𝑈 = (𝑘𝑝 + 𝑘𝑖 𝑇𝑠 𝛺 + 𝑘𝑑

𝑇𝑠 is the sampling time, N is the filter coefficient, 𝑘𝑝 , 𝑘𝑖 ,
and 𝑘𝑑 are the controller gains. Fig. 4 illustrates how the
discrete PID controller is implemented on the two-wheel
mobile robot where (1), (14), and (15) are utilized. Note
that the zero-order hold method is used to discretize each
block in the system with a sampling time of 10ms in order
to perform an adequate comparison with the proposed
discrete optimal controller.

(16)

Design a desired trajectory

Repeat for (T)

Compute the desired wheels speed
from the inverse kinematics in (7)
within Δt

(17)

Compute the desired motors
armature currents in (9) within Δt

Compute the control effort in (17)
within Δt

where SF is the state feedback and 𝑃 ∈ ℝ4×4 is the
solution of the following Riccati equation from which the
state feedback is found

Measure the actual coordinates and
orientation of the mobile robot

𝑃 = 𝐴𝑇𝑑 𝑃𝐴𝑑 + 𝑄 − 𝐴𝑇𝑑 𝑃𝐵𝑑 (𝑅 + 𝐵𝑑𝑇 𝑃𝐵𝑑 )−1 𝐵𝑑𝑇 𝑃𝐴𝑑 .

Figure 2. The steps to implement the discrete optimal controller.

(18)

E

Xd

Provided that the discrete system is controllable and the
controller in (17) is designed to minimize the cost function
in (16), the optimal cost function, 𝑉 ∗ (𝐸𝑘 ), can be
expressed as
𝑈(𝑘)

(20)

1

𝑆𝐹

𝑉 ∗ (𝐸𝑘 ) = 𝑚𝑖𝑛(𝐸𝑘𝑇 𝑄𝐸𝑘 + 𝑈𝑘𝑇 𝑅𝑈𝑘 + 𝑉 ∗ (𝐸𝑘+1 )).

)𝐸

where 𝛺 ≜ (𝑧−1), z is the operator of the discrete function,

where the design parameters 𝑄 ∈ ℝ4×4 , and 𝑅 ∈ ℝ2×2 are
positive definite matrices where their values depend on the
needed designed performance. If the controller effort
needs to be minimized, R should be chosen with a high
value, while if it is needed to increase the response speed,
the value of Q should be high. 𝐸 ≜ 𝑋𝑑 − 𝑋 ∈ ℝ4 is the
tracking error, 𝑋𝑑 is the desired states (i.e.,
𝜔𝑟𝑑 , 𝜔𝑙𝑑 , 𝐼𝑎𝑟𝑑 , 𝐼𝑎𝑙𝑑 ), and 𝑈𝑘 (𝐸𝑘 ) is the control input. The
subscription 𝑘 and 𝑘 + 1 represent the sampling instances.
In order to minimize the aforementioned cost function,
𝑉(𝐸𝑘 ), the discrete optimal control law, 𝑈𝑘 (𝐸𝑘 ), can be
designed as
𝑈∗ = ⏟
(−(𝑅 + 𝐵𝑑𝑇 𝑃𝐵𝑑 )−1 𝐵𝑑𝑇 𝑃𝐴𝑑 ) 𝐸(𝑘)

𝑁
1+𝑁𝑇𝑠 𝛺

*
U

Discrete Optimal
Controller

Discrete System

X

-X
-1

Figure 3. The proposed discrete optimal control system.

(19)

Fig. 2 illustrates the steps to implement the discrete
optimal controller while Fig. 3 illustrates the proposed
closed-loop system.
IV.

DISCRETE PID CONTROLLER DESIGN

Figure 4. Implementation of the discrete PID on the two-wheel mobile
robot.

The Proportional-Integral-Derivative (PID) controller is
well-known and a general-purpose controller that has been
© 2022 Int. J. Mech. Eng. Rob. Res
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The desired right and left wheels’ angular velocities are
calculated as follows
1
𝑑
(21)
𝜔𝑟 = (𝑉 + 𝜔)
𝑟

2

1

𝑑

𝜔𝑙 = (𝑉 − 𝜔)
𝑟
2
V.

(22)

FUZZY LOGIC CONTROLLER DESIGN

In comparison with the model-based controllers, a
Fuzzy Logic Controller (FLC) does not require a priori
knowledge of the model to be controlled and that is an
advantage of using such a controller [26]. To control the
two-wheel mobile robot, fuzzy sets are designed, for each
wheel, using two inputs (i.e., mobile robot angular velocity
error and its change with respect to time) and one output
(i.e., wheel’s dc motor input voltage) as follows
𝐸 ≜ 𝜔𝑑 − 𝜔

(23)

𝛥𝐸 ≜ 𝐸𝑐𝑢𝑟𝑟𝑒𝑛𝑡 − 𝐸𝑝𝑟𝑒𝑣𝑖𝑜𝑢𝑠 .

Figure 6. Proposed membership functions for (a) speed error (b)
change in speed error, and (c) dc motor input voltage.

(24)

To elaborate more, Figure 5 illustrates how the FLC
controller is implemented on the two-wheel mobile robot
where (23) and (24) are utilized.

After fuzzification, 49 sets are generated to evaluate the
output fuzzy set. Based on these sets, a control surface for
the proposed FLC can be illustrated as shown in Fig. 7.
From the figure, a crisp output value can be defuzzified
using the Center of Gravity (COG) method as in [27].

Figure 5. Implementation of the FLC on the two-wheel mobile robot.

Each input-output combination is chosen to have seven
membership functions as shown in Table I and Figure 6.
The linguistic values for each combination are Negative
Big (NB), Negative Medium (NM), Negative Small (NS),
Zero (Z), Positive Big (PB), Positive Medium (PM), and
Positive Small (PS). According to these values, the Degree
of Membership (DOM) is quantified using the (MIN)
function.
TABLE I.

Figure 7. The control surface for the fuzzy controller for both mobile
robot wheels.

VI.

PROPOSED FUZZY SETS

In this section, the proposed controller in Section III is
implemented and compared with the controllers
introduced in Sections IV and V to investigate its tracking
performance and effectiveness in controlling a two-wheel
mobile robot. For that purpose, error and effort measures
are defined as follows

E
PB

PM

PS

Z

NS

NM

NB

PB
PB
PM
PS
PS
PS
Z

PB
PM
PS
PS
Z
Z
Z

PM
PM
PS
PS
Z
Z
NS

PM
PS
Z
Z
Z
NS
NS

PS
PS
Z
NS
NS
NM
NM

PS
Z
NS
NS
NM
NB
NB

Z
Z
NS
NM
NM
NB
NB

𝛥𝐸
PB
PM
PS
Z
NS
NM
NB

NUMERICAL SIMULATIONS

𝑇

𝐸𝑀 ≜ ∫0 √(𝑥𝑑 − 𝑥)2 + (𝑦𝑑 − 𝑦)2 + (𝜃𝑑 − 𝜃)2 (25)
(26)
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where T is the entire simulation time, REM and LEM are
the right and left robot wheels’ effort measures,
respectively, 𝜏𝑟 and 𝜏𝑙 are the right and left robot wheels’
generated torques, respectively. It should be noted that to
implement the discrete optimal and PID controllers, the
dynamic model introduced for the two-wheel mobile robot
has to be discretized as in (14) and (15) and then checked
for controllability as mentioned earlier. The parameters of
the two-wheel mobile robot utilized in the numerical study
are listed in Table II. Using the values in Table II, the
continuous-time dynamic system model, introduced in (8)
and (9), is discretized using the “zero-order hold on the
inputs” method in Matlab© with a sampling time of 10ms
to obtain the state matrices 𝐴𝑑 , 𝐵𝑑 and 𝐶𝑑 .

that the red arrows in Fig. 8 indicate the instant orientation
of the two-wheel mobile robot while tracking the trajectory.

(a)

TABLE II. PROPOSED TWO-WHEEL MOBILE ROBOT PARAMETERS.
Parameter
J
B

𝑅𝑎
𝐿𝑎
𝑘𝑚
𝑘𝑏
r
d

Value
0.015
0.01
0.08

Unit
Kg.m2
N·s/m2
Ω

36

mH

0.075

Nm/A

0.06
9.25
37

V.s/rad
cm
cm

a

The developed discrete-time dynamic system model can
now be checked for controllability where the
controllability
matrix
is
expressed
as 𝐺 =
[𝐵𝑑 𝐴𝑑 𝐵𝑑 𝐴2𝑑 𝐵𝑑 𝐴3𝑑 𝐵𝑑 ] . Refer to [22] for more
details about the values of 𝐴𝑑 , 𝐵𝑑 and 𝐶𝑑 . After
substituting 𝐴𝑑 , 𝐵𝑑 and 𝐶𝑑 to compute 𝐺, a full rank can
be obtained, hence, the system is controllable and then
stabilizable. Thus, the discrete optimal controller can be
designed.
To investigate the performance and effectiveness of the
proposed controllers, two scenarios are introduced to the
mobile robot; Test 1: no disturbances are applied (i.e.,
𝑇𝐿𝑟 = 𝑇𝐿𝑙 = 0), Test 2: disturbances are applied on both
wheels
(e.g.,
𝑇𝐿𝑟 = 0.04 𝑠𝑖𝑛( 2𝜋𝑡)
and
𝑇𝐿𝑙 =
0.2 𝑠𝑖𝑛( 𝜋𝑡)). In both scenarios, the tracked trajectories are
(a) circle with a 4m diameter, (b) S-shape (e.g., 𝑋 = 𝑡 − 5
1
and 𝑌 = −3𝑋 ), and (c) 8-shape (e.g., 𝑋 = 1.4 +
𝑒
𝜋𝑡

b

Figure 9. The right and left wheels’ angular velocities using the
discrete optimal controller for (a) Test 1 and (b) Test 2, respectively,
utilizing the circular trajectory.

a

2𝜋𝑡

0.7 𝑠𝑖𝑛( ) and 𝑌 = 0.6 + 0.7 𝑠𝑖𝑛( )). In addition, a
15
15
noise power of 0.0015 is applied to the measurement for
all tests to make the simulation more realistic.

b

A. Discrete Optimal Controller Performance
Under the operating conditions of both Test 1 and Test
2 utilizing the circular trajectory, the tracking performance
of the proposed discrete optimal controller can be
illustrated in Fig. 8. The right and left angular velocities of
the two-wheel mobile robot wheels along with the right
and left wheels’ motors generated torque are demonstrated
in Figs. 9 and 10, respectively. It is clear from Fig. 8 that
for Test 1 the mobile robot accurately tracks the trajectory
despite of the noisy measurement. It should also be noted
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(b)

Figure 8. The circular tracking performance of the two-wheel mobile
robot using the discrete optimal controller for (a) Test 1 and (b) Test 2,
respectively.

Figure 10. The torques generated in the right and left wheels motors
using the discrete optimal controller for (a) Test 1 and (b) Test 2,
respectively, utilizing the circular trajectory.

When applying the operating conditions of Test 2, the
tracking is more challenging, but the performance is
satisfactory despite of the presence of time-varying
disturbance torques affecting the robot motion. By
comparing the tracking performance of Test 1 with Test 2,
729
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it is clear that the mobile robot exerts relatively more effort
(i.e., wheels motors torque) under the operating conditions
of Test 2 (refer to Fig. 10). As for the angular velocities, it
is observed from Fig. 9 that they are relatively more
fluctuating under the operating conditions of Test 2.
Moreover, a desired trajectory of S-shape has been
utilized to more challenge the controller. The tracking
performance of Test 1 and Test 2 for the discrete optimal
controller are shown in Fig. 11. It is clear that the proposed
discrete optimal controller demonstrates an adequate
performance in Test 1 while it is not so good for Test 2,
where there is a noticeable difference between the actual
and desired trajectories as illustrated in Fig. 11.

a

b

Figure 13. The torques generated in the right and left wheels’ motors
using the discrete optimal controller for (a) Test 1 and (b) Test 2,
respectively, utilizing the S-shape trajectory.

(a)

A third trajectory, namely the 8-shape trajectory, is
introduced, as well, for the sake of comparison. Test 1 and
Test 2 tracking performance is shown in Figure 14. It is
clear that the tracking performance is better for Test 1 than
Test 2. The right and left angular velocities of the twowheel mobile robot and the right and left wheels’ motors
torque for the 8-shape trajectory are illustrated in Figures
15 and 16, respectively. From Figure 15, it is clear that the
right and left wheels’ angular velocities in Test 2
demonstrate more variations in comparison with the ones
in Test 1 due to the added disturbances. The same can be
noticed for the torques generated in the right and left
wheels’ motors in Fig. 16.

(b)

Figure 11. The S-shape tracking performance of the two-wheel mobile
robot using the discrete optimal controller for (a) Test 1 and (b) Test 2,
respectively.

The right and left angular velocities of the two-wheel
mobile robot and the right and left wheels’ motors torque
are shown in Figs. 12 and 13, respectively. From the
figures, it is clear that the angular velocities and generated
torques of Test 2 have more fluctuations than those in Test
1 because of the added disturbances. In addition, the
generated torques in the wheels’ motors needed to
overcome these disturbances for Test 2 are relatively more
than the ones in Test 1, as shown in the summary table in
Section VI.D.

(a)

(b)

Figure 14. The 8-shape tracking performance of the two-wheel mobile
robot using the discrete optimal controller for (a) Test 1 and (b) Test 2,
respectively.

a

a
b

b
Figure 12. The right and left wheels’ angular velocities using the
discrete optimal controller for (a) Test 1 and (b) Test 2, respectively,
utilizing the S-shape trajectory.
Figure 15. The right and left wheels’ angular velocities using the
discrete optimal controller for (a) Test 1 and (b) Test 2, respectively,
utilizing the 8-shape trajectory.
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a

b

b

Figure 18. The right and left wheels’ angular velocities using the
discrete PID controller for (a) Test 1 and (b) Test 2, respectively, for the
circular trajectory.

a

Figure 16. The torques generated in the right and left wheels’ motors
using the discrete optimal controller for (a) Test 1 and (b) Test 2,
respectively, utilizing the 8-shape trajectory.

B. Discrete PID Controller Performance
As mentioned earlier, for the sake of comparison, the
performance of a discrete PID controller is investigated
under the operating conditions of Test 1 and Test 2. The
control gains (e.g., 𝑘𝑝 , 𝑘𝑖 and 𝑘𝑑 ) were tuned to be
0.07425, 1.06889, and 0.00125, respectively, in order to
provide the best performance possible. The tracking
performance of the circular trajectory for Test 1 and Test
2 is illustrated in Figure 17 while the right and left wheels’
angular velocities are demonstrated in Figure 18. The right
and left wheels’ motors torques are presented in Figure 19.
It is clear from Figure 17 that the PID controller cannot
handle the disturbances in Test 2. There is a significant
shift between the desired and actual trajectories. In
addition, the wheels’ motors generated torque in Test 2
cannot keep the mobile robot on the desired track in
comparison with the torques generated by the discrete
optimal controller shown in Figure 10.

b

Figure 19. The torques generated in the right and left wheels motors
using the discrete PID controller for (a) Test 1 and (b) Test 2,
respectively, for the circular trajectory.

The tracking performance, the right and left wheels’
angular velocities in addition to the right and left wheels’
motors torques for the S-shape and 8-shape trajectories are
illustrated in Figs. 20 to 25.

(a)

(a)

Figure 20. The S-shape tracking performance of the two-wheel mobile
robot using the discrete PID controller of (a) Test 1 and (b) Test 2,
respectively.

(b)

Figure 17. The circular tracking performance of the two-wheel mobile
robot using the discrete PID controller for (a) Test 1 and (b) Test 2,
respectively.

a
a

© 2022 Int. J. Mech. Eng. Rob. Res

(b)

731

International Journal of Mechanical Engineering and Robotics Research Vol. 11, No. 10, October 2022

b

a

Figure 21. The right and left wheels’ angular velocities using the
discrete PID controller for (a) Test 1 and (b) Test 2, respectively,
utilizing the S-shape trajectory.

b
a
Figure 24. The right and left wheels’ angular velocities using the
discrete PID controller for (a) Test 1 and (b) Test 2, respectively,
utilizing the 8-shape trajectory.

a

b

b
Figure 22. The torques generated in the right and left wheels’ motors
using the discrete PID controller for (a) Test 1 and (b) Test 2,
respectively, utilizing the S-shape trajectory.

Figs. 20 to 22, show that the discrete PID controller
cannot handle the S-shape trajectory in Test 2 satisfactorily.
From Fig. 20, it is clear that there are ups and downs in the
actual trajectory of the mobile robot. It is also obvious
from Fig. 22 that the generated torques cannot compensate
sufficiently for the added disturbances, which also affect
the wheels’ angular velocities as shown in Fig. 21. On the
other hand, when looking at the 8-shape trajectory, the
discrete PID controller exerts more torques, as shown in
Fig. 25, to overcome the added disturbances and provides
a very satisfactory tracking performance for both Test 1
and Test 2 as shown in Fig. 23. However, that comes with
more chattering in the wheels’ motors generated torque.

(a)

Figure 25. The torques generated in the right and left wheels’ motors
using the discrete PID controller for (a) Test 1 and (b) Test 2,
respectively, utilizing the 8-shape trajectory.

C. Fuzzy Logic Controller Performance
To implement further comparison with the proposed
discrete optimal controller, a FLC is investigated under the
same operating conditions of Test 1 and Test 2. Utilizing
the fuzzy sets, shown in Table I, the membership functions,
shown in Fig. 6, and the control surface, shown in Fig. 7,
the tracking performance of the circular trajectory in Test
1 and Test 2 is illustrated in Fig. 26. The right and left
angular velocities of the two-wheel mobile robot in
addition to the right and left wheels’ motors torques are
demonstrated in Figs. 27 and 28, respectively, for Test 1
and Test 2, respectively.

(b)

Figure 23. The 8-shape tracking performance of the two-wheel mobile
robot using the discrete PID controller for (a) Test 1 and (b) Test 2,
respectively.
(a)

(b)

Figure 26. The circular tracking performance of the two-wheel mobile
robot using the FLC for (a) Test 1 and (b) Test 2, respectively.
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S-shape trajectory satisfactorily does not affect the
tracking performance of the 8-shape trajectory as shown in
Fig. 32. The FLC tracks the 8-shape trajectory with a
relatively good performance. However, the angular
velocities and the generated torques for both wheels,
shown in Figs. 33 and 34, respectively, demonstrate
excessive chattering to achieve a satisfactory performance
for both tests.

a

b

Figure 27. The right and left wheels’ angular velocities using the FLC
for (a) Test 1 and (b) Test 2, respectively, utilizing the circular
trajectory.
(a)

(b)

Figure 29. The S-shape tracking performance of the two-wheel mobile
robot using the FLC for Test 1 and Test 2, respectively.

a

a
b

b

Figure 30. The right and left wheels’ angular velocities using the FLC
for Test 1 and Test 2, respectively, utilizing the S-shape trajectory.

Figure 28. The torques generated in the right and left wheels’ motors
using the FLC for (a) Test 1 and (b) Test 2, respectively, utilizing the
circular trajectory.

a

The circular tracking performance of the FLC is
satisfactory for Test 1 and Test 2. In addition, the FLC
circular tracking performance is clearly better than the
performance of the discrete PID in Test 2. It is also clear
that the FLC generates more fluctuations and chattering in
the wheel’s angular velocities and wheels’ motors torque
in comparison with the discrete optimal and PID
controllers.
The S-shape and 8-shape trajectories tracking
performance are shown in Figs. 29 and 32, respectively.
The right and left wheels’ angular velocities for the same
trajectories are shown in Figs. 30 and 33, respectively,
while the generated torques in the right and left wheels’
motors are shown in Fig. 31 and 34, respectively. The FLC
performs badly, in Test 1, at the last part of the S-shape
trajectory while the whole performance in Test 2 is not
satisfactory at all as it is clear in Figure 29. Obviously, the
angular velocities and generated torques, shown in Figures
30 and 31, are not sufficient to track the desired trajectory
for Test 1 and Test 2. However, this inability to track the
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b

Figure 31. The torques generated in the right and left wheels’ motors
using the FLC for Test 1 and Test 2, respectively, utilizing the S-shape
trajectory.
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a

b
(a)

(b)

Figure 32. The 8-shape tracking performance of the two-wheel mobile
robot using the FLC for Test 1 and Test 2, respectively.

Figure 34. The torques generated in the right and left wheels motors
using the FLC for Test 1 and Test 2, respectively, for the 8-shape
trajectory.

a
On the other hand, the EM for the discrete PID
controller in all tests utilizing the S-shape and 8-shape
trajectories is relatively high. The tables also show that the
REM and LEM values for the discrete PID are the lowest
in comparison with the discrete optimal controller and
FLC and that is expected since the tracking performance is
not the best. Note that the discrete PID cannot generate the
appropriate amount of torques to force the mobile robot to
track different desired trajectories. This makes it not a
good choice to control the mobile robot. In this case, the
comparison is left to be between the proposed discrete
optimal controller and the FLC. According to Tables III
and IV, the lowest values of EM, REM, and LEM are for
the discrete optimal controller utilizing the S-shape and 8shape trajectories knowing that the discrete PID controller
is out of the comparison. The only case where these values
are the lowest using the FLC is for the circular trajectory.
As a result, the best tracking performance can be achieved
by the proposed discrete optimal controller. The FLC
comes next and the discrete PID comes the last.

b

Figure 33. The right and left wheels’ angular velocities using the FLC
for Test 1 and Test 2, respectively, utilizing the 8-shape trajectory.

D. Controllers Performance Comparison
By observing the results in subsections VI.A, VI.B, and
VI.C, it is clear that all proposed controllers perform
satisfactorily under the operating conditions of Test 1
utilizing the circular trajectory, where no disturbances are
applied. However, when the external disturbances are
applied to the mobile robot in Test 2, the FLC controller
performs the best and then the discrete optimal, but the
discrete PID cannot handle the proposed disturbances.
However, this is not true for the S-shape trajectory, where
the proposed discrete optimal controller and discrete PID
controller did perform satisfactorily for Test 1, but the FLC
did not. Furthermore, the performance results in Test 2
were not relatively adequate for all controllers except for
the proposed discrete optimal controller up to a certain
extent. To more challenge the introduced controllers, an 8shape trajectory was utilized. The results showed that all
the proposed controllers track the desired trajectory
satisfactorily. In order to quantify the tracking
performance for all introduced controllers, error and effort
measures are utilized as defined in (25) and (26). The
quantified values are shown in Table III and Table IV. It is
clear from these tables that the discrete PID controller is
the best controller to track the circular trajectory when no
disturbances affect the mobile robot (refer to Test 1) since
the EM, REM, and LEM values are the lowest in
comparison with the other controllers.
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TABLE III. THE ERROR MEASURE FOR THE THREE PROPOSED
CONTROLLERS.
Controller
Trajectory

Discrete
Optimal

Discrete
PID

Fuzzy

0.953

0.5134

0.6684

0.898

1.375

0.6647

13.91

13.90

14.01

13.79

13.93

14.66

80.63

83.27

82.33

80.88

83.31

84.97

Test
1
2

Circle

1
2
1
2
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S-shape

8-shape
(infinity)
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TABLE IV. THE REM AND LEM MEASURE FOR THE THREE PROPOSED
CONTROLLERS.
Discrete
Optimal

Trajectory

Controller
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Discrete
PID

Fuzzy

REM

LEM

REM

LEM

REM

LEM
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