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Abstract—Several studies have reported the design of
kinematics parallel mechanisms based on behavioral features;
however, the design of this kind of system with six degrees of
freedom considering parallelly volumetric behavior together
with control effort remains to be accomplished. This work
addresses the design of one type of these mechanisms based
on two aspects: workspace and control effort. All aspects are
considering and optimizing simultaneously through a multiobjective optimization technique based on a bio-inspired
algorithm named Elitist Non-Dominated Sorting Differential
Evolution Algorithm, which brings about a Pareto front. The
workspace is determined using the inverse kinematics
constrained boundaries analysis and a mono-objective
optimization method. On the other hand, control effort is
resolved by calculating the Euclidian norm of each torque
signal of the system, which is controlled by a hybrid
technique consisting of sliding modes and differential flatness.
Finally, relations between the two studied aspects are
depicted and analyzed.
Index Terms—KINEMATICS parallel mechanism, HEXA, 6
dof, workspace, control effort, multi-objective optimization,
differential evolution, pareto front

I. INTRODUCTION
Among multidirectional options are robotic arms and
Kinematics Parallel Mechanisms (KPMs). KPMs have
many advantages compared to serial manipulators. The
most relevant ones are the reduction of mechanical
structure requirements, high rigidity, inertial response,
precision, reduction of friction and noise, elimination of
backslash, and fast response [1], [2]; all of them due to
motors are fixed into the base. Nevertheless, the analysis of
their dynamics is complex, and their workspace (WS) is
smaller than their serial arm counterpart due to the
ubication of motors causes interferences between each
individual workspace of each arm [3]. Additionally, the
parallel concept requires that inertial variations and
mechanical coupling be reflected on the actuator axis
which demands greater control effort (CE) and robust
control strategies [4].
The WS and CE have reciprocal increment. While
longer the links the greater WE and CE. Nevertheless,
although a greater WS implies more volume capacity, high

II. METHODOLOGY
The main was to determine the length of arm and rod
links which directly affect the WS and CE. The
methodology to reach the optimal design consisted of four
steps. First, the determination of WS considered
mechanical constraints.
Second, one figured out an index that quantified the CE.
Third, one described WS and CE as objective functions
implemented in a kind of DE multi-objective algorithm.
Finally, a Pareto front was generated, and optimal points
were studied.
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value of CE is related to higher energy consumption and
issues with mechanical responses. Thus, it is necessary
design KPMs considering these features simultaneously
using multi-objective optimization techniques.
There are many applications of optimization techniques
focused on parallel PKMs for instance trajectory path
generation [5], topological configurations [6], and
components design [7]. For this, in some cases have used
bioinspired algorithms such as bee colony [8], particle
swarm [9], genetic algorithms [10], cuckoo search [11], and
differential evolution (DE) [12]. Each one offers
advantages and disadvantages related to their Pareto front
generation such as convergence, computing time, spread,
among others [13]. For this study ED has been choice for
its lower computational cost and faster convergence.
On the other hand, there are KPMs with kinematics
chains compound of rotational, universal, and spherical
joints (RUS) that have advantages related to the low weight
of mobile parts, thinner rods that reduce collisions, cheaper
components, and response time [14]. One of the most
popular RUS manipulators is the six degrees of freedom
HEXA manipulator type (6 RUS HEXA) (Fig. 1) that
consists of six parallel extremities linked to a fixed
platform at the upper and a mobile platform at the end of
extremities depicted in Fig. 2.
Considering the advantages of 6 RUS HEXA and its
design challenges related to WS and CE, the main
contribution of this work is to present a multi-objective
optimization strategy of dimensional parameters that
minimize CE and maximize WS, which is solved by DE
obtaining satisfactory results.
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Fig. 1 describes the distribution of each ith corner of
fixed and mobile platforms and the distribution of each ith
arm. Next, from (1) to (12) are posing the geometrical
description of platforms, where 𝑏𝑎𝑖 is the coordinate of the
ith corner of the fixed platform, and 𝑚𝑜𝑖 is the coordinate
of the ith corner of the mobile platform.
𝑚
𝑏𝑎1 = [𝑙 𝑐𝑜𝑠 (𝑎𝑠𝑖𝑛 ( )) ,
𝑙
𝑚
𝑏𝑎6 = [𝑙 𝑐𝑜𝑠 (𝑎𝑠𝑖𝑛 ( )) ,
𝑙
Figure 1. Hexa parallel mechanism.
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0
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Figure 2. Hexa platforms geometry. A. Fixed platforms. B. Mobile
platform.

A. Workspace Determination
The WS is the volume where the KPM can move without
mechanical constraints; usually, the WS is figured out by
computing the inverse kinematics of each point;
nevertheless, this method is computationally expensive.
Therefore, Fig. 3 depicts another alternative to figure out
the WS, which consisted in the determination of the
boundary of movements to find the middle center point of
a spherical cloud of points (which describe a position)[15]
that was evaluated with the Golden Section Method to find
limits position without restrictions. This method is
explained below.
1) Description of fixed and mobile platform
measurements
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Figure 3. Flow chart of workspace determination.

2) Evaluation of bottom and upper limits
This step aimed to evaluate the limits of permitted
movement of the mobile platform in the Z-axis, which was
aligned with the center of the fixed platform (Fig. 1). The
mobile platform movements in the Y and X-axis and
rotations were equaled to zero. Determination of bottom
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and upper limits needed a function called APT LIMIT,
which analyzed two coordinates to determine a vector
between them. By the Golden Section optimization
method, the magnitude of the vector where the constraint
limits exist contemplating an adjust error was determined.
Pseudocode 1 and Fig. 4.A describe the method mentioned
above. In step 13, there is the function named EVAL POS;
this function assessed the ability to reach a position with
Larm and Lrod ; if the mechanism can reach that position,
the function would respond TRUE otherwise FALSE.
From (13) to (22), describe the calculation required to
determine the feasibility to reach that position. Function
EVAL POS was based on the value of the angle
θ𝑖 corresponding to ith arm, which determined with the
inverse kinematics of the mechanism. If any θ𝑖 is
mechanically incongruous, the mechanism could not reach
that position, and the function responsed FALSE.
Determination of θi was based on inverse kinematics
and the relation of (13) of each ith open chain. Due to xd i
depended on θi , that angle could be determined following
(14).
𝐿𝑟𝑜𝑑 𝑖 2 = (𝑥𝑑 𝑖 − 𝑥𝑃𝑖 𝑖 ) + (𝑦𝑑 𝑖 − 𝑦𝑃𝑖 𝑖 )
+ (𝑧𝑑 𝑖 − 𝑧𝑃𝑖 𝑖 )

If i= 4
𝑎 = −(𝐿𝑎𝑟𝑚 2 − 𝐿𝑟𝑜𝑑 2 + 𝑃𝑖𝑖,1 2 + 𝑃𝑖𝑖,2 2
+ 𝑃𝑖𝑖,3 2 + 0.34 ∗ 𝑃𝑖𝑖,1
+ 0.303𝑃𝑖𝑖,2 + 0.053)
𝑏 = 0.43𝐿𝑎𝑟𝑚 + 𝐿𝑎𝑟𝑚 𝑃𝑖𝑖,1 + 1.73𝐿𝑎𝑟𝑚 𝑃𝑖𝑖,2
𝑐 = 2𝐿𝑎𝑟𝑚 𝑃𝑖𝑖,3

2

2

2

(13)

𝑎 𝑐 + 𝑏𝛿
2
2
𝜃(𝑖) = 𝑎𝑡𝑎𝑛 ( 𝑏 + 𝑐 )
𝑎 𝑏 − 𝑐𝛿
𝑏2 + 𝑐 2

(14)

𝛿 = √(𝑏 2 + 𝑐 2 − 𝑎2 )

(15)

𝑃𝑖 = 𝑅𝑜𝑡𝑥(𝛼) 𝑅𝑜𝑡𝑦(𝛽) 𝑅𝑜𝑡𝑧(𝛾) 𝑚𝑜𝑖 + 𝑃𝑜𝑠𝑖𝑡𝑖𝑜𝑛 𝑒𝑣𝑎𝑙𝑢𝑎𝑡𝑒𝑑

(16)

If i=1
𝑎 = −(𝐿𝑎𝑟𝑚 2 − 𝐿𝑟𝑜𝑑 2 − 0.15𝑃𝑖𝑖,2 − 0.43
∗ 𝑃𝑖𝑖,1 + 𝑃𝑖𝑖,1 2 + 𝑃𝑖𝑖,2 2
+ 𝑃𝑖𝑖,3 2 + 0.053)
𝑏 = 0.43𝐿𝑎𝑟𝑚 − 2𝐿𝑎𝑟𝑚 𝑃𝑖𝑖,1
𝑐 = 2𝐿𝑎𝑟𝑚 𝑃𝑖𝑖,3

(17)

If i=2
𝑎 = −(𝐿𝑎𝑟𝑚 2 − 𝐿𝑟𝑜𝑑 2 + 𝑃𝑖𝑖,1 2 + 𝑃𝑖𝑖,2 2
+ 𝑃𝑖𝑖,3 2 + 0.09 ∗ 𝑃𝑖𝑖,1
− 0.45𝑃𝑖𝑖,2 + 0.053)
𝑏 = 0.43𝐿𝑎𝑟𝑚 + 𝐿𝑎𝑟𝑚 𝑃𝑖𝑖,1 − 1.73𝐿𝑎𝑟𝑚 𝑃𝑖𝑖,2
𝑐 = 2𝐿𝑎𝑟𝑚 𝑃𝑖𝑖,3

(18)

If i= 3
𝑎 = −(𝐿𝑎𝑟𝑚 2 − 𝐿𝑟𝑜𝑑 2 + 𝑃𝑖𝑖,1 2 + 𝑃𝑖𝑖,2 2 +
𝑃𝑖𝑖,3 2 + 0.34 ∗ 𝑃𝑖𝑖,1 − 0.303𝑃𝑖𝑖,2 + 0.053)
𝑏 = 0.43𝐿𝑎𝑟𝑚 + 𝐿𝑎𝑟𝑚 𝑃𝑖𝑖,1 − 1.73𝐿𝑎𝑟𝑚 𝑃𝑖𝑖,2
𝑐 = 2𝐿𝑎𝑟𝑚 𝑃𝑖𝑖,3

If i=5
𝑎 = −(𝐿𝑎𝑟𝑚 2 − 𝐿𝑟𝑜𝑑 2 + 𝑃𝑖𝑖,1 2 + 𝑃𝑖𝑖,2 2
+ 𝑃𝑖𝑖,3 2 + 0.09 ∗ 𝑃𝑖𝑖,1
+ 0.45𝑃𝑖𝑖,2 + 0.053)
𝑏 = 0.43𝐿𝑎𝑟𝑚 + 𝐿𝑎𝑟𝑚 𝑃𝑖𝑖,1 + 1.73𝐿𝑎𝑟𝑚 𝑃𝑖𝑖,2
𝑐 = 2𝐿𝑎𝑟𝑚 𝑃𝑖𝑖,3
If i= 6
𝑎 = −(𝐿𝑎𝑟𝑚 2 − 𝐿𝑟𝑜𝑑 2 + 𝑃𝑖𝑖,1 2 + 𝑃𝑖𝑖,2 2
+ 𝑃𝑖𝑖,3 2 − 0.43 ∗ 𝑃𝑖𝑖,1
+ 0.148𝑃𝑖𝑖,2 + 0.053)
𝑏 = 0.43𝐿𝑎𝑟𝑚 − 2𝐿𝑎𝑟𝑚 𝑃𝑖𝑖,1
𝑐 = 2𝐿𝑎𝑟𝑚 𝑃𝑖𝑖,3
where,

(19)
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(21)

(22)

1
0
0
𝑅𝑜𝑡𝑥(𝜉) = [0 𝑐𝑜𝑠(𝜉) −𝑠𝑖𝑛(𝜉)]
0 𝑠𝑖𝑛(𝜉) 𝑐𝑜𝑠(𝜉)

R = 1.5 (H + L)

(23)

γ = [0, 0, −R]

(24)

Determination of initial point () is (25).

Analysis by Golden Section of two points (ψ, ) and determination of the
coordinate where the constraint limit exists contemplating an adjust error.
1:
error value
𝜏 = 𝜓−
𝑚𝑉 = ‖𝜏‖
𝑣𝑢𝑝 = 𝑢̂(𝜏)
𝑎 = 0; 𝑏 = 𝑚𝑉

(20)

Once the APT LIMIT and EVAL POS functions have
been described, the following step was to determine the
bottom limit. First, was necessary a magnitude R (23) and
an initial bottom coordinate in Z axis named γ (24).

PSEUDOCODE I. APT LIMIT

2:
3:
4:
5:

Initializing: 𝑎𝑤 = 0; 𝑏𝑤 = 1; 𝐿𝑤 = 𝑏𝑤 − 𝑎𝑤; 𝑘 = 0
if |𝐿𝑤 (𝑏 − 𝑎)| > 𝑒𝑟𝑟𝑜𝑟
while |𝐿𝑤 (𝑏 − 𝑎)| > 𝑒𝑟𝑟𝑜𝑟
𝑤1 = 𝑎𝑤 + 0.618 𝐿𝑤
𝑤2 = 𝑏𝑤 − 0.618 𝐿𝑤
𝑋1 = 𝑤1(𝑏 − 𝑎) + 𝑎
𝑃𝑋1 = [𝑋1𝑣𝑢𝑝 + , 0,0,0]
If EVAL POS 𝑖𝑛 (𝑃𝑋1, 𝐿𝑎𝑟𝑚 , 𝐿𝑟𝑜𝑑 ) = 𝑓𝑎𝑙𝑠𝑒
𝑏𝑤 = 𝑤1
else
𝑎𝑤 = 𝑤2
end if
𝐿𝑤 = 𝑏𝑤 − 𝑎𝑤
end while
𝐶𝑜𝑜𝑟𝑑𝑖𝑛𝑎𝑡𝑒 = 𝑃𝑋1
else
𝑤1 = 𝑎𝑤 + 0.618 𝐿𝑤
𝑤2 = 𝑏𝑤 − 0.618 𝐿𝑤
𝑃𝑋1 = [, 0,0,0]
If 𝐸𝑣𝑎𝑙 𝑃𝑜𝑠 𝑖𝑛 (𝑃𝑋1, 𝐿𝑎𝑟𝑚 , 𝐿𝑟𝑜𝑑 ) = 𝑓𝑎𝑙𝑠𝑒
𝑏𝑤 = 𝑤1
else
𝑎𝑤 = 𝑤2
end if
𝐿𝑤 = 𝑏𝑤 − 𝑎𝑤
𝐶𝑜𝑜𝑟𝑑𝑖𝑛𝑎𝑡𝑒 = 𝑃𝑋1
end if

ς = [0, 0, 0]

(25)

The bottom limit was also the application of function
APT LIMIT evaluating γ and ς (26).

Magnitude of τ
Unitary vector of τ
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Bottom Limit = APT LIMIT of (γ, ς)

(26)

xi,j = Rsin(θi ) cos(ϕj ) + σx

(30)

Afterward, for determining the upper limit, it was
necessary to establish a new coordinate ϑ for analyzing
(27).

yi,j = Rsin(θi ) sin(ϕj ) + σy

(31)

zi,j = Rcos(θi ) sin(ϕj ) + σz

(32)

ϑ = [0, 0,

−R
]
12

(27)

Initially, r was higher for assuring that the sphere
encompasses all the future workspace volume. In that case
r = 1.5 ‖Upper Limit − σ‖ . Each point of the cloud
points was created varying θ between 0 and 180°ith steps
and ϕ between -60°and 60°jth steps, ϕ has this interval
because the mechanism was symmetric each 120°. Thus,
there was a vector formed by x, y, z, and σ. That vector was
analyzed with function APT LIMIT ( Pseudocode 1) for
finding its highest magnitude without movement restriction
and figure out the available coordinate η (33) ( Fig. 4.B and
Fig. 4. C). As a result, all points generated the boundary of
the workspace.

Once again, the initial point () was (25). Once again,
the upper limit was applying function APT LIMIT
evaluating on ϑ and ς (28).
Upper Limit = APT LIMIT ( ϑ, ς)

(28)

Next, the mean point or central point σ was figured
out (29).
σ=

Upper Limit + Bottom Limit
2

(29)

3) Workspace volume determination
Once the bottom, upper, and mean points were
determined, the next step was to create a cloud of points
distributed in the boundaries of the reachable space Fig. 4
B.
It was necessary to work with spherical coordinates
because all points were described have a relation with a
common center; this center point was the mean point above
calculated. Spherical coordinates of points required a radio
r, θj and ϕj angles and the central point σ (29), as shown
(30) to (32).

A.

η = APT LIMIT ([x, y, z], σ)

(33)

Finally, three closer points were selected from the cloud,
and the area () which they form was calculated (Fig. 4.D),
then, the center point of the area  was figured out, and the
distance between this point and the center of the spherical
coordinates ( σ) was calculated. Hence the volume ()
formed by those points could be evaluated. This process
was repeated with all points, and the workspace of the
mechanism was the sum of each volume  (Fig. 4.E).

B.

D.

C.

E.

Figure 4. Schematic of WS obtention. A. Golden Section Searching Algorithm. B. Initial cloud of points. C. Vector place for evaluating position.
D. Schematic of the area between 3 boundary points without constraints. E. Workspace of HEXA

B. Control Effort
Regarding 6 RUS HEXA, a Multi Input Multi Output
system, the control strategy selected was a hybrid between
sliding modes and differential flatness because it
guarantees robustness against disturbances and

© 2022 Int. J. Mech. Eng. Rob. Res

unpredictable parameter variations of non-linear models.
Fig. 5 depicts the configuration of the controller and
mechanism; this configuration was composed of three
subgroups: the Reference block, the Controller block, and
the KPM block.
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Figure 5. Diagram of KPM controlled by sliding modes and differential flatness control strategy.

In the KPM block, there were the 6 RUS HEXA which
was controlled by torque signal. The velocity and position
were calculated, and there were used to feedback the
control system.

Figure 6.

C. Multi-objective Optimization
Above was mentioned that the aim was to determine the
length of arms and rods considering a high WS and a low
CE; those were the objective functions of the optimization
algorithm. Multi-objective optimization was developed
based on the Differential Evolution algorithm [16] and
called Elitist Non-Dominated Sorting Differential
Evolution (ENDSDE). This algorithm did not use a penalty
function because kinematics analysis in the dynamical
model contemplated the geometrical constraints.
Pseudocode 2 describes ENDSDE with its respective
subfunctions. Lines 1 and 2 determine the population size
and number of parameters. Line 3 set Cr and F, which
control the amplification of differential variations and
crossover factor, respectively. Line 6 depicts the objective
functions depending on the population. The NonDominated Sorting of line 12 followed the Naive and Slow
approach [16]. ENDSDE stopped according to the number
of times established by the convergence of results.

Position, velocity, and acceleration reference of Z-axis.

Position, velocity, and acceleration were simulated and
configurated in the Reference block. Regarding position, a
sine signal (Fig. 6) was applied in Z-axis, and the rest
position equal zero. About velocity, the Z-axis position
signal was derived and followed the same axis; similarly,
the acceleration signal was derived from velocity.
The controller block consisted of the six controller
parameters, which guaranteed 0.6 settling time and 0.7
damping ratio. Moreover, since the controller had a sliding
mode section, it contained a switching function.
Additionally, the dynamics modeling was determined by
the Virtual Work and D’Alembert principle, which set the
Inertial, Coriolis, and Gravity expressions. Finally, the
controller provided a torque signal to the 6 HEXA RUS
mechanism. From this signal, CE was determined. CE
quantifies the energy-related to control the system, and it is
the norm of each torque control signal. Therefore, CE is a
scalar, and it depends on many aspects such as dimensions,
time, control parameters, and the reference signal.

© 2022 Int. J. Mech. Eng. Rob. Res

III.

RESULTS

The simulation was a multi-objective optimization that
analyzed and reached optimal length of arms and rods of
6 RUS HEXA
simultaneously,
performing
using
MATLAB and ENDSDE. ENDSDE delivered a set of
optimal solutions that correspond to the Pareto front. This
set was used to design optimal configuration.
After some preliminary simulations, the parameters
showed in Table I were used in ENDSDE.
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TABLE I.
Population size

Upper and lower limits of parameters (m)
Generations
Cr
𝟐⁄
𝒏𝒑𝒐𝒑+𝟏.𝟐
𝟐

)

PARETO FRONT. DECISION AND CRITERION SPACE

𝑳𝒂𝒓𝒎

160

Parameters

F (

TABLE II.

PARAMETERS USED FOR SIMULATING.

𝑳𝒓𝒐𝒅

WS

CE

( 𝐿𝑎𝑟𝑚 , 𝐿𝑟𝑜𝑑 )

𝑓1

0.3

0.5

3.0301

11.6872

[0.3 , 0.5]

𝑓2

0.399

0.499

4.4270

50.2205

16

𝑓3

0.459

0.499

5.4076

90.0519

0.15

𝑓4

0.5

0.5

5.8229

138.0332

0.6

Fig. 7 shows that two indexes conflicted. The CE
increases when WS increase. For instance, a higher WS
implies longer links which require more energy to move
them; therefore, the use of intermediate solutions of Pareto
front is recommended. Additionally, there were fewer
available geometrical options at lower CE values, so that
kind of arm-rod ratio presents more kinematics issues.

Fig. 7 depicts the distribution of those possible
configurations in the function objective space.
Four of them were selected from the 160 solutions, and
Table II presents their corresponding parameters and
objective functions values.

Figure 7. Pareto front of functions Worspace (WS) and Control Effort (CE).

This work presents a computational method to calculate
the WS of a KPM called 6 RUS HEXA based on monoobjective optimization and inverse kinematics analysis.
Besides, one presents an index for quantifying the control
energy consumption denominated CE. This measurement
is the norm of the six signals of torque control signals
through time simulation. In an ideal scenario, a KPM has a
higher WS and a lower CE. In addition, one introduces a
design procedure to reach geometrical parameters reflected
in the lengths of arms and rods, optimizing WS and CE.
Optimization design of this kind of KPM is a complex
procedure because there is a contradictory objective
function that must be satisfied.
Hence, the optimization algorithm must be robust and
computationally efficient due to it needs to simulate many
scenarios and configurations. ENDSDE showed a good
performance, reached those optimal parameters, and
provided a Pareto front of the possible set of solutions.
Future work will consider kinematics and dynamics
behavior such as Global Conditioning Index, Global
Gradient index, Global Conditioning Dynamical Index,
actuator limits, control parameters, stiffness of links, and
even different control methodologies.

4:

9:
10:

where,
𝑟𝑎𝑛𝑑 ∈ [0 , 1]
[𝐸𝐶𝑃(0) , 𝑊𝑆𝑃(0) ] : f(𝑃 (0) )
for j=1…npop and i=1, …, nparam
𝑃 (𝐺) 𝑐,𝑖,𝑗 + 𝐹(𝑃 (𝐺)𝐴,𝑗 − 𝑃 (𝐺) 𝐵,𝑗 ) 𝑖𝑓 𝑟𝑎𝑛𝑑 ≤ 𝐶𝑟 𝑜𝑟 𝑗 = 𝐷𝑗
𝑃 𝐺+1 𝑖,𝑗 ∶ {
𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
𝑃 (𝐺)𝑗
where,
C:
A: 1, …, npop
B: 1, …, npop
1, …,
npop
D: 1, …, nparam
A≠B≠C
[𝐸𝐶𝐺+1,𝑗 , 𝑊𝑆𝐺+1,𝑗 ] : f(𝑋 𝐺+1𝑗 )
end for

11:

𝑅𝑡 = 𝑃 (0) ∪ 𝑃 𝐺+1

6:
7:
8:

12:
13:
14:
15:
16:
17:
18:
19:
20:
21:
22:
23:

PSEUDOCODE 2. MULTI-OBJECTIVE OPTIMIZATION
1:
2:
3:

Create initial parents→𝑃 (0) : rand(𝑋𝑢 -𝑋𝑙 )+ 𝑋𝑙 ∪ 𝑋𝑢,𝑙

5:

IV. CONCLUSIONS

24:

Set population size →npop.
Parameters →nparam
Determination of 𝐶𝑟 and 𝐹
where,
𝐶𝑟 ∈ [0 , 1]
𝐹 ∈ [0 , 2]
Upper and lower limits of parameters → 𝑋𝑢,𝑙 :
(𝐿𝑎𝑟𝑚 𝑢,𝑙 , 𝐿𝑟𝑜𝑑 𝑢,𝑙 )

25:
26:

Non-Dominated Sorting of 𝑅𝑡 .
[𝐸𝐶𝑅𝑡 , 𝑊𝑆𝑅𝑡 ] : f(𝑅𝑡 ) : M
Set new population 𝑃𝑡+1 = 0. 𝑆𝑒𝑡 𝑖 = 𝑖 + 1
Identify different fronts ( ℱ𝑖 )
Crowding-sort
While size of M <= npop
Assign 𝑑𝑖 =0
Find de maximum and minimum value of M
𝑓 𝑚𝑎𝑥 , 𝑓 𝑚𝑖𝑛
Determine the distance (d) between near points of m.
m∈M
𝑖+1
𝑖−1
𝑓(𝑚)
− 𝑓(𝑚)
|
𝑑 = 𝑑𝑚 + | 𝑚𝑎𝑥
𝑓
− 𝑓 𝑚𝑖𝑛
end while
Divide M into subgroups depending of ℱ
Sort each subgroup of M in descending order according
to d
Parameters 𝑜𝑓 𝑀 (𝑋 𝑀 ) are the new Parents→𝑃 ++
Create new offsprings 𝐺 ++from 𝑃 ++
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