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Abstract—Modeling of an aerial robotic control system for 

cooperative working robots initially needs a mathematical 

model of the robot. This work presents a validated cross 

configuration quadcopter model with the stabilized flight 

control system. Coefficients and parameters regarding the 

stability control of the aerial robot, i.e., throttle-to-RPM 

conversion, thrust coefficient, torque coefficient and 

moment of inertia, are obtained by the experiments. These 

measured parameters yield the better flight simulation 

compared with the product datasheet values. Then, the 

experimental coefficients and parameters are defined in the 

MATLAB/Simulink model based on Newton-Euler 

equations. This study analyzes system responses and 

simulates the flight stability controlled system of the 

Pixhawk flight controller in the horizontal plane and 

vertical direction. After that, the flight response of the 

mathematical model is compared with the actual flight 

response. The results show that the model of the UAV flight 

control system has similar characteristic to the actual flight. 

Thus, the presented mathematical model and control 

parameters could be adopted for further design on the 

aerial robot control system such as a multi-robot 

cooperative task. 

 

Index Terms—quadcopter, mathematical model, PID 

controller, pixhawk, flight controller, experimental 

validation 

 

I.  INTRODUCTION 

Recently, the unmanned aerial vehicle (UAV), 

commonly known as drone [1], has been adopted to 

various works and activities. Common examples of UAV 

applications are search and rescue (SAR) [2,3], 

infrastructure maintenance [4], agricultural management 

[5], supporting law enforcement [6], aerial photography 

[7,8], forest monitoring [9], 3D mapping [10], traffic 

management [11] and cooperative transportation [12,13]. 

For the cooperative work of UAVs in transportation, many 

techniques or knowledge are implemented to the system 

integration, for instance, cooperative control of swarm 

UAVs [14–16], leader-and-follower formation [17–20], 

precise localization of terrestrial objects [21], feedback 

controller design [22], as well as modeling and simulation 

of the cooperative UAV system [22–24]. However, the 
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new knowledge and technique must be validated before 

implementation on the UAV in order to minimize the risk 

due to the crash of system failure. One of the best practice 

is to simulate by a validated mathematical model. 

Mathematical modeling of multiple aerial robots for 

object transportation is rather complicated comparing with 

a single UAV modeling. However, validation of the UAV 

model must be done first. Then, the validated UAV model 

is duplicated and mathematically connected to be 

developed for the multi-UAV cooperative system. Thus, 

this work aims to validate the UAV model as the 

beginning step before the further study of the multiple 

aerial robot cooperative system. The crucial issue which 

influences model accuracy is the primary input parameters 

of the aerial robot. Many parameters can be taken from the 

specification datasheet but the best way is to acquire by 

measuring and testing. 

This study presents the validate mathematical model, 

input parameters and three experimental setups to obtain 

them. First, the motor coefficients are obtained by testing 

the motor behavior which required a force/torque sensor. 

Second, the UAV moment of inertia is measured by the 

bifilar torsional pendulum testing which related to the 

natural frequency. Third, the model of flight stability 

control system is validated by comparing the simulated 

flight response with the actual flight response. All details 

are presented in the following sections. 

II. METHODOLY AND EXPERIMENTAL SETUP 

The aerial robot platform is a X-copter frame of 640 

mm in diagonal length (L). The Pixhawk flight controller 

is selected to be developed as the mathematical flight 

controller model. It has a 32-bit processor unit with an 

additional failsafe backup controller extensive memory. It 

is easy to set up and directly work with many ground 

control station softwares such as Mission Planner. The 

ground control station (GCS) provides the autonomous 

flight features and UAV’s flight paths [25]. The four T-

Motor Antigravity 4006 KV380 brushless DC motors 

drive the four Tarot 1555 foldable  propellers that installed 

on each of the motor. The electronic speed controllers 

(ESC), Hobbywing XRotor 40A, control speed of the 

motors. The UAV system is supplied by a 6S 5400 mAh 

Lithium polymer battery. 
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These components are integrated as the tested UAV 

platform to determine their parameters for the 

mathematical model development. They are motor 

coefficient, moment of inertia and stabilization control 

parameters as follows. 

A. Motor Testing 

The Experimental setup to determine the motor 

characteristics is shown in Fig.1. A microcontroller 

(Arduino Mega 1280) generates PWM signal feeding to 

the ESC, starting from 0 to 100% PWM by increasing 5% 

every 5 seconds. An IR sensor detects propeller rotation 

and sends the signal to the microcontroller to calculate the 

rotational speed of the rotor. The force/torque sensor (ATI 

Industrial Automation, Model Gamma), installed under 

the motor base, senses the produced force and torque. All 

of the sensing information are recorded in a computer and 

calculated the percent of throttle conversion to the 

rotational speed, thrust coefficient and torque coefficient. 

The component connection diagram is shown in Fig.2. 
 

 

Figure 1.  The experimental setup to determine the motor characteristics. 

 

Figure 2. The component connection diagram of the motor testing. 

The percent throttle conversion coefficient (𝐶R)  is 

determined by the relationship of the percent throttle 

command and motor rotational speed. It can be written as 

ω = 𝐶𝑅1(% throttle)2 + 𝐶𝑅2(% throttle) + 𝐶𝑅3

where ω is the steady-state motor rotational speed [rpm], 

% throttle is the percentage of the throttle 

command, 𝐶𝑅1, 𝐶𝑅2 and 𝐶𝑅3  are the % throttle  to RPM 

conversion coefficients. 

The coefficient of thrust (𝐶T ) provides a conversion 

from the rotor speed to the thrust that lifts the UAV. It can 

be written as  

    𝑇 = 𝑐T𝜌𝐴r𝑟2𝜔2 

 

where 𝑇 is the thrust [N], 𝑐T is the thrust coefficient of the 

rotor, ρ is the density of air [kg/m
3
], 𝐴r  is the cross-

sectional area of the propeller's rotation [m
2
] and 𝑟 is the 

radius of the rotor [m]. For a simple flight model, it can be 

simplified by merging the constant parameters as [26] 

 

 𝑇 = 𝐶T𝜔2   

To understand effect of the motor on the UAV rotation 

about the yaw axis, the motor torque and propeller speed 

relationship must be determined, similar to the thrust. The 

torque coefficient ( 𝐶Q ) converses the motor rotational 

speed to the generated torque (𝑄) as [26] 

 

 𝑄 = 𝐶Q𝜔2    

B. Moment of Inertia  

Mass moment of inertia is an important parameter to 

develop an accurate UAV dynamic model. For simple 

structures, mass moment of inertia can be obtained by a 

CAD software or mathematical analysis. For complex 

structures which include many subcomponents, the 

moment of inertia must be measured. The bifilar vertical-

axis torsional pendulum is a simple and cost-effective 

method to determine the mass moment of inertia of rigid 

bodies as shown in Fig. 3. The UAV is suspended by two 

parallel vertical wires that free to rotate about its attached 

points. The restoring torque of the bifilar pendulum relates 

to the gravitational force. The body rotation causes the 

tested object to rise slightly [27]. 

 

 

  
 

Figure 3. The bifilar torsional pendulum setup. 

Then, the hanging quadrotor is rotated about the axis of 

interest (z-axis) with a small angle (𝜃), and it rises up for 

the height of z. The weight of the UAV provides the 

restoring torque which generates the rotational response of 

the system. The moment of inertia about the axis of 

interest is obtained from the natural frequency of the 

oscillation. The relationship between the moment of 

inertia and natural frequency is [28] 

𝐼 =
𝑚𝑔𝐷2

4ℎ𝜔𝑛
2   

where 𝐼 is the moment of inertia about the rotational axis 

[kg.m
2
], 𝑚 is the mass of the tested object [kg], 𝑔 is the 

gravitational acceleration constant [m/s
2
], 𝐷 is the distance 

between the two suspended wires [m], ℎ is the length of 

the wire [m] and 𝜔𝑛 is the natural frequency [rad/s]. 
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C. Modeling and Simulation 

The simulation package used in this study is adopted 

from Quad-Sim [29]. This package supports 

MATLAB/Simulink for dynamic modeling and simulation 

of quadcopter control system. In this study, the parameters 

of the controller model are developed to comply with the 

Pixhawk flight controller by replacing the original PI-P 

controller with the P-PID controller and P-P-PID 

controller for stabilizing the UAV in horizontal plane and 

vertical direction, respectively. The proposed system 

block diagram is consistent with the Pixhawk control 

scheme as shown in Fig. 4 [30]. The scale factor of each 

axis is for adjusting output range of the simulation 

response to match with the experimental response. 
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Figure 4. The system block diagram of the Pixhawk flight controller. 
 

A standard procedure to determine system parameters is 

usually defined in terms of the system step response. As 

shown in Fig.5, the overshoot is the amount of system 

output that exceeds the desired steady-state response 

where P.O. is the percentage of overshoot. The rise time 

(𝑡r) is the time of a system that takes for the response to 

rise from 10% to 90% of the step input magnitude. The 

settling time (𝑡s) is the time required for the system output 

to settle within 2% of the input amplitude. The steady-

state error (ess) is the difference between actual and 

desired input values for a long period that the transient 

response has decayed and left only the continuous 

response [31].  

 

Figure 5. System response and characteristics to the step input. 

Accordingly, the coefficient 𝐶R , 𝐶T , and 𝐶Q  from the 

motor testing and the moment of initial  𝐼xx,  𝐼yy,  and  𝐼zz  

are substituted into the mathematical model. The actual 

PID control gains from the Pixhawk controller are also 

transferred to the model. Then, the controller outputs of 

the model are adjusted by the scaling factors to make the 

simulation flight response match the real flight response. 

III. RESULT AND DISCUSSION 

A. The Percent Throttle Conversion Coefficient  

 When the percent throttle increases, the motor speed 

increases as written in the quadratic equation (1). The 

conversion coefficient can be estimated by the quadratic 

fitting curve according to the testing results as shown in 

Fig. 6. The motor starts rotating at the 15% throttle with 

the motor speed of 720 rpm. For every 5% throttle 

increment until 100% throttle, the motor rotational speed 

is recorded.  The maximum motor speed at 100% throttle 

is about 6,000 rpm. Accordingly, the calculated 

conversion coefficients are CR1 = -0.467, CR2 = 116.0 and 

CR3  = -1,064. The coefficient of determination (R2 ) is 

99.04 %, which confirm the quadratic relationship. 
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Figure 6. The relationship between the throttle percentage and motor   
rotational speed. 

B. The Thrust Coefficient  

By knowing the relationship between the % throttle and 

motor speed, it is possible to vary motor speed by 

changing the % throttle according to (1). The thrust 

increases linearly to the square of the motor speed as 

written in (3).  The conversion of the motor speed to the 

propeller thrust, called the thrust coefficient, is calculated 

by the linear regression of the experimental result as 

shown in Fig.7. In this case, the thrust coefficient (𝐶T) is 

6.035𝑥10−7  N rpm2⁄ . The determination is 99.54 %. The 

maximum thrust is about 20 N.  

 

Figure 7. The relationship between the thrust and square of motor 

rotational speed. 

C. The Torque Coefficient  

The relationship between the % throttle and motor 

speed yields the measurement of the torque response when 

the motor speed changes regarding the throttle percentage 

as written in (1) and (4). The torque coefficient can be 

calculated by linear regression based on the experimental 

data as shown in Fig. 8. The torque coefficient is 

1.230×10
-8

 N.m/rpm
2
. The coefficient of determination is 

99.44 %. The maximum torque is about 0.4 N.m.  

 

 

      Figure 8. The relationship between the torque and square of motor 
rotational speed. 

D. The Moment of Inertia of the UAV 

Based on the bifilar pendulum experimental setup, the 

quadcopter is rotated for 45 and released to oscillate 

freely for 1 minute. When the estimated initial angles are 

around 18, 4 and 2 of the roll, pitch and yaw axes, 

respectively, the vibration amplitude is recorded by the 

IMU sensor in the Pixhawk controller. The sample rate is 

50 Hz. The rotational tests are done on the roll, pitch and 

yaw axes, separately. The initial offset of the measured 

data is removed by using the detrending method which 

removes a trend from a time series; the trend usually 

refers to a change in the mean value over time. The results 

are shown in Fig.9. 

 

   Figure 9. The bifilar pendulum test of the UAV.  

Then, the vibration responses of the UAV in Fig.9 are 

converted from the time domain to the frequency domain 

by using the fast Fourier transform (FFT) algorithm. The 

major frequencies of the rotation about each axis are 

below 1 Hz as shown in Fig.10. 

 

Figure 10. The oscillation of the UAV bifilar test in the frequency 
domain. 

The experimental setup parameters (𝐷 and ℎ) in Fig.3 

are different for each of the rotational axis as shown in 

Table I. Consequently, the major natural frequencies and 

calculated moment of inertia of all axes are determined. 

TABLE I.  THE TESTING PARAMETERS, NATURAL FREQUENCIES AND 

MOMENT OF INERTIA OF THE UAV. 

Axis D (m) h (m) fn (Hz) I (kg.m2) 

Roll 0.110 0.330 0.7208 0.0115 

Pitch 0.180 0.390 0.5958 0.0381 

Yaw 0.0850 0.420 0.2125 0.0621 
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E. Validation of the UAV Mathematical Model 

All parameters from the motor and inertia testing are 

summarized in Table II .  These parameters are defined 

in the MATLAB/Simulink model. The actual Pixhawk 

controller gains of the quadcopter are tuned by the auto-

tune algorithm. Then, the stability and trajectory control 

gains of the UAV are used in the mathematical model as 

shown in Table   I II.  The stabilized, rate,  and accelerated 

scaling factors of each model controller are only tuned in 

order to make the flight response of the mathematical 

model close to the actual flight response. 

TABLE II.  PARAMETERS OF THE UAV MODEL. 

Variable Values 

𝑰𝐱𝐱 0.0115 kg.m2 

𝑰𝐲𝐲 0.0381 kg.m2 

𝑰𝐳𝐳 0.0621 kg.m2 

𝒎 2.6232  kg 

𝑳 0.640 m 

𝑪𝐑𝟏 -0.467 rpm 

𝑪𝐑𝟐 116.0 rpm 

𝑪𝐑𝟑 -1,064 rpm 

𝑪𝐓 6.035×10 

-7 

N/rpm2 

𝑪𝐐 1.23×10 -

8 
N.m/rpm2 

TABLE III.  THE CONTROL GAINS AND SCALES FOR THE STABILITY 

CONTROL SYSTEM MODEL. 

 
Axis 
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5 
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In the actual flight test and simulation, the UAV is 

ordered to take off and hold its position at 10 m above the 

ground. The UAV flight response is recorded. The IMU 

signals provide the UAV rotation about the roll, pitch and 

yaw axes. The barometer indicates the UAV altitude. On 

the other hand, the UAV model with the Pixhawk 

controller is also simulated with the same flight plan. The 

actual flight and simulation results are plotted as shown in 

Figs. 11-14.  

 

 

Figure 11. The UAV flight response to the step roll input. 

  

Figure 12. The UAV flight response to the step pitch input. 

  

Figure 13. The UAV flight response to the step yaw input. 

  

Figure 14. The UAV flight response to the step altitude input. 

The plot comparison (Figs. 11-14) shows that the flight 

simulation has similar responses to the actual flight, 

especially on the roll and yaw axes. In Fig. 14, the first 2 

seconds response of the actual altitude is quicker than the 

simulation response. This may due to the vortex changes 

in near-ground which increases the initial air velocity at 

the air inlet section on the top of the rotor, resulting in the 

additional thrust [32]. This phenomenon is also known as 

the aerodynamic ground effect as illustrated in Fig. 15. 
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The system characteristics of the simulation and actual 

UAV are summarized in Table IV. Based on Figs. 11-14 

and Table IV, it is found that the UAV model gives the 

stabilized and altitude flight responses closed to the actual 

flight, in terms of P.O., 𝑡r, 𝑡s, and 𝑒ss. However, there are 

some differences between the actual and simulation flight 

responses in terms of 𝑡r  and 𝑡s. That may cause by time 

response of the barometer, wind effect, and ground effect 

which are not included in the simulation. 

TABLE IV.  THE UAV AND SIMULATION FLIGHT CHARACTERISTICS. 

Response Flight 
System Characteristic 

P.O. 𝐭𝐫 𝐭𝐬 𝐞𝐬𝐬 

Roll 
Actual flight 3.79 0.30 1.01 0.15 

Simulation 3.01 0.28 0.63 0.06 

Error 0.78 0.02 0.38 0.09 

Pitch 

Actual flight 5.27 0.20 1.31 0.09 

Simulation 6.36 0.34 1.89 0.56 

Error -1.09 -0.14 -0.58 -0.47 

Yaw 
Actual flight 6.04 1.11 2.73 0.74 

Simulation 5.34 0.97 2.79 0.45 

Error 0.70 0.14 -0.06 0.29 

Altitude 

Actual flight 0.00 4.24 7.05 0.19 

Simulation 0.00 4.12 8.31 0.14 

Error 0.00 0.12 -1.26 0.05 

 

Figure 15. The aerodynamic ground effect. 

IV. CONCLUSION 

In this work, the UAV system parameters such as the 

percent throttle to motor speed, force and torque 

coefficients, moment of inertia of a quadcopter have been 

experimentally determined. The UAV model with the 

Pixhawk flight controller is developed in 

MATLAB/Simulink. The control algorithm of the UAV 

model emulates the Pixhawk controller. The simulated 

controller gains are from the actual flight auto-tuned gains. 

The scaling factor is added into the simulated controller 

model in order to adjust the simulation flight response to 

match with the actual flight response. This is because 

there are other physical effects need to be compensated in 

the simulation such as the change of atmospheric wind 

speed and pressure, aerodynamic ground effect and 

response time of the sensors which are not initially 

included in the simulation model. The results have shown 

that the model flight characteristic is similar to the actual 

flight. Thus, the presented mathematical model and 

control parameters could be adopted for further design on 

the aerial robot control system such as a multi-robot 

cooperative task. 
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