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Abstract— In the near future, the humanoid robot has been 

expected to associate and work with a human. There is a 

chance that it has been hit from an external force and the 

robot cannot keep its balance. Thus, the robot might falls to 

human causing casualty or if it falls down to the ground the 

damage could cause ultimately to itself. For this reason, the 

humanoid must have balance recovering processes for 

protecting itself from the external force to prevent such 

damage. Therefore, this research proposes an optimal path 

design for a stand-balancing humanoid robot. The 

experiment simulates this situation using a force 1.11N hits 

to the humanoid (Bioloid Premium Type A) robot. This 

commercial humanoid robot has 18 Degree of Freedoms 

(DOFs). With this complexity of DOFs, the mathematical 

model and joints control strategies are investigated to 

restore robot balancing. Six strategies are chosen to 

implement in this work; 1) ankle strategy, 2) knee strategy, 

3) ankle and knee strategy, 4) ankle and hip strategy, 5) 

ankle knee and hip strategy, and 6) whole body (ankle, knee, 

hip, arms) strategy using Multi-objective Whale 

optimization algorithm (MOWOA) together with non-

dominated solution and decision making by weighted 

product method. Three objective functions are employed; 1) 

a minimal orbital energy, 2) a minimal error of phase 

portrait, and 3) a minimal jerk. The results have shown that 

the ankle strategy gives the best result based on decision 

making by the weighted product method.  

 

 

Index Terms— Humanoid Robot, MOWOA, weighted 

product method, Pareto front, Balancing, objective 

functions  

I. INTRODUCTION 

The robot with two-legs moving that consisted of a 

mechanism like the human body is called “Humanoid 

Robot” composed of two legs, two arms, body (torso) and 

head. They recently received much interest in conducting 

many types of research, such as modeling, stability, 

walking patterns, running, jumping [1-4], etc. Also, 

humanoid robots have also been used for home 

facilitation [5] or industrial applications [6]. In the near 

future, the humanoid robot is expected to associate and 

work with a human. There is a chance that it has been hit 

from an external force and the robot cannot keep its 

balance. Thus, the robot might falls to human causing 

casualty or if it falls down to the ground the damage 

could cause ultimately to itself, for example, the impact 

force from human and animals which affected on 
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humanoid robots resulted in their inability to maintaining 

balance. For this reason, they could fall down on the 

ground that ultimately resulted in robot damage. Many 

researchers have studied and developed an appropriate 

method to maintain robot balancing from the external 

force with ankle strategy, hip strategy, step-out [7] and 

two-step [8], etc. However, the step-out method to 

maintain robot balance is effective in a smooth area 

without any obstacle. , but sometimes the environment 

such as stairs, rough areas, etc. may not provide 

convenience in stepping to maintain balancing. Many 

researchers have tried to find the way to increase the 

effectiveness of maintaining balance without stepping 

such as ankle and knee strategy [9], ankle and hip 

strategy [10], arm rotation strategy [11], etc. The control 

strategy of various joints affected to the robot’s Center of 

Mass (COM). Each joint carries different load depend on 

where it is located. This causes different in the speed. For 

example, the ankle takes most body weight, during a 

standing gesture thus it becomes the slowest joint. The 

consequences is that the COM movement gives slow 

response and leads to less stability in the robot. 

 The work compares between six strategies that are; 1) 

ankle strategy, 2) knee strategy, 3) ankle and knee 

strategy, 4) ankle and hip strategy, 5) ankle, knee and hip 

strategy, and 6) whole body (ankle, knee, hip and arms) 

strategy. This work also proposed a multi-objective 

optimization to determine the balance recovery trajectory. 

Three objective functions are employed i.e. minimal 

orbital energy to ensure that the robot can return to 

balance as soon as possible, the minimal error of phase 

portrait for the smooth movement of COG position in 

phase portrait, and minimal jerk to prevent damage from 

joint equipment. With these objective functions together 

with Whale optimization, this work proposes the Multi-

objective Whale optimization algorithm (MOWOA). This 

is a new meta-heuristic optimization algorithm [12]. In 

2016, Thi-Kien Dao, Tien-Szu Pan, and Jeng-Shyang Pan 

[12] applied a multi-objective Whale Optimization 

Algorithm (MOWOA) to optimal mobile robot path 

planning. In 2017, Jianzhou Wang, Pei Du, Tong Niu, 

Wendong Yang [13] used a multi-objective Whale 

Optimization Algorithm for wind speed forecasting. They 

also utilize a non-dominated solution for Pareto front. 

The selection of the optimum point of Pareto front use the 

decision making employs minimal weighted product 

method (WPM) [14]. Next, the best optimum point result 
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is implemented on the real humanoid robot.  Finally, the 

experiment compared results on the real robot applying 

angle from trial-and-error and MOWOA techniques. 

This paper is arranged as follows: starting with 

introduction, Section 2 presents the humanoid robot 

modeling. Section 3 shown numerical simulation while 

its results and experimental is shown in Section 4. The 

work ends with conclusion in Section 5.   

II. HUMANOID ROBOT MODELING 

A. Kinematics Model 

The kinematics consisted of 2 types which are 1) 

forward kinematics or direct kinematics and 2) inverse 

kinematics [15]. The forward kinematics problem is the 

relationship between the operational coordinates of a 

robot on the Cartesian coordinate frame (x,y,z). It can 

analysis stability of robot. In this research, the forward 

kinematics use Denavit-Hartenberg (DH) [15]. It is 

proposed a general method to describe the structure of a 

robot. 

A DH coordinate frame is defined by four parameters: 

𝜃𝑖 , 𝑑𝑖 , 𝑎𝑖, and 𝛼𝑖 represents of joint angle, joint distance, 

link length, and link twist, respectively. All variables in 

each frame created as a table called “DH parameter table”. 

This research uses the Bioloid premium Type A. In 

2012, J. Victor Nunez [16] invented inverse kinematics of 

18 joints. A model of the robot developed from the 

Computer Aided Design (CAD) model provided by the 

manufacturer ROBOTIS. In 2013, J. Ramon Cerritos-

Jasso [17] developed forward kinematics of 12 joints, 

considered only the legs, since it used for the gait cycle 

analysis for soccer robot competition FIFA 2013. 

The DH parameter table used to calculate the 

movement of each frame for each joint by applying 

homogeneous transformation matrix (1) to explain the 

rotation and sliding of each link according to the equation 

as follows [15] [18]. 

      
𝑇𝑖 =𝑖−1 𝑅𝑜𝑡𝑧,𝜃𝑖

𝑇𝑟𝑎𝑛𝑠𝑧,𝑑𝑖
𝑇𝑟𝑎𝑛𝑠𝑥,𝑎𝑖

𝑅𝑜𝑡𝑥,𝛼𝑖
       

   

𝑇𝑖 =𝑖−1 [

𝐶𝜃𝑖
−𝑆𝜃𝑖

0 0

𝑆𝜃𝑖
𝐶𝜃𝑖

0 0

0 0 1 0

0 0 0 1

] [

1 0 0 0

0 1 0 0

0 0 1 𝑑𝑖

0 0 0 1

] [

1 0 0 𝑎𝑖

0 1 0 0

0 0 1 0

0 0 0 1

] [

1 0 0 0

0 𝐶𝛼𝑖
−𝑆𝛼𝑖

0

0 𝑆𝛼𝑖
𝐶𝛼𝑖

0

0 0 0 1

] 

 

          =

[
 
 
 
𝐶𝜃𝑖

−𝑆𝜃𝑖
𝐶𝛼𝑖

𝑆𝜃𝑖
𝑆𝛼𝑖

𝑎𝑖𝐶𝜃𝑖

𝑆𝜃𝑖
𝐶𝜃𝑖

𝐶𝛼𝑖
−𝐶𝜃𝑖

𝑆𝛼𝑖
𝑎𝑖𝑆𝜃𝑖

0 𝑆𝛼𝑖
𝐶𝛼𝑖

𝑑𝑖

0 0 0 1 ]
 
 
 

 when 
𝑆𝜃𝑖

= 𝑠𝑖𝑛(𝜃𝑖) , 𝐶𝜃𝑖
= 𝑐𝑜𝑠(𝜃𝑖)

𝑆𝛼𝑖
= 𝑠𝑖𝑛(𝛼𝑖) , 𝐶𝛼𝑖

= 𝑐𝑜𝑠(𝛼𝑖)
          (1) 

 

Fig. 1, shows the variables of Bioloid robot for forward 

kinematics by Denavit-Hartenberg in the calculation of 

COM of the robot. The initial position at the outer left 

heel as a starting point (A). While end effector F, H, R, 

and L represents of foot left heel, head, end of the right 

arm, and end of the left arm, respectively. The center of 

mass each link (Pcomi) of the robot has 11 parts 

(i=1,2,..,11) and the calculation position of COM of the 

robot (Pcom) shown in Fig. 1, and the position of foot 

sole rotation also shown in Fig. 2.  

The position of center mass each link uses a 

measurement device, the researcher a development of the 

Center of Gravity (COG) measurement device for the 

center of each link. This device consists of 4 strain 

gauges placed on each glass plate’s corner, size 300x300 

mm
2
. It can carry a weight of less than 5 kg. The output 

demonstrates by weight and locates COG in a coordinate 

(x, y) as shown in Fig. 3. The experiment would be 

conducted 2 times by changing the direction of the mass 

center of each side that resulting in receiving the position 

of the mass center for all 3 planes (x,y,z). 

Then the DH parameter table is created and 

categorized into 3 parts. The first DH parameter of the 

virtual joint (V) which was not a real joint of the robot, 

but it is just a virtual joint used in the movement of front 

foot angle, heel angle, and body as shown in Fig. 2. The 

DH parameter is shown in Appendix Table A.1, A.3. The 

second part is the DH parameter table joints of robot as 

shown in Appendix A.2, A.4, A.5, and the third part is 

DH parameter table of mass each link to consist of right 

ankle mass (M1), right knee mass (M2), right hip mass 

(M3), left hip mass (M4), left knee mass (M5), left ankle 

mass (M6), upper body mass (M7), right shoulder joint 

mass (M8), right elbow mass (M9), left shoulder joint 

mass (M 10) and left elbow mass (M 11) shown in 

Appendix Table A.6 and show values of variables in 

Appendix B (Table B).  

The calculation from the initial reference position (A) 

to the end effector of the robot apply homogeneous 

transformation matrix (1). The end effector of the robot 

consists of F, H, R, and L represent, and the center of 

mass each link (Pcomi) of the robot. The homogeneous 

transformation matrix was shown as follows.  

The transformation matrix between the initial reference 

frame (A) and the joint angle of right ankle (V) is derived 

as:  
0 0 1 2 3 4

5 1 2 3 4 5

V V V V

V V V V V VT T T T T T  (2) 

 

The transformation matrix between the initial reference 

frame (A) and the joint angle of right hip (q6) is derived 

as:                
0 0 5 1 2 3 4 5

6 5 1 2 3 4 5 6

V

VT T T T T T T T   (3) 

 

The transformation matrix between the initial reference 

frame (A) and the foot left heel (F) is derived as:  

      0 0 6 7 8 9 10 11 12 13

14 6 7 8 9 10 11 12 13 14T T T T T T T T T T  (4) 

 

The transformation matrix between the initial reference 

frame (A) and each end effector of H, R, and L can repeat 

according to (4). Next, The calculation from the initial 

reference position (A) to the center of mass each link 

(Pcomi) of the robot. The transformation matrix was 

shown as follows.   

The transformation matrix between the initial reference 

frame (A) and the COM of left hip (Pcom4) is derived as:  

0 0 5 1 2 3 4 5 6 7 8 9 5

6 5 1 2 3 4 5 6 7 8 9 5 6

V C

C V C CT T T T T T T T T T T T T (5) 

The transformation matrix between the initial reference 

frame (A) and the center of mass each link (Pcomi) (6) 
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(i=1,2,3,5,..,11)  of the robot can be obtained similar  to 

(5). 
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Figure 1. Parameter of Humanoid robot Bioloid premium Type A. 
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Figure 2. The position of foot for rotation; (A) position reference frame 

to the joint of right ankle, (B) rotation bend to the front and back, (C) 

rotation bend to the front (D) rotation bend to the back. 

 

            
Figure 3. The four weight scales for calculation COM. 

 

B. Center of Mass (COM) of robot  

The position of the mass of each link was calculated to 

find the position COM of the robot in the rectangular 

coordinate frame as follows [2]. 

                           𝑃𝑐𝑜𝑚 =
∑ 𝑚𝑖𝑃𝑖

𝑛
𝑖=1

∑ 𝑚𝑖
𝑛
𝑖=1

                                  

 

When 𝑃𝑐𝑜𝑚, 𝑚𝑖, 𝑃𝑖   represent of position COM of the 

robot, a mass of each link, and position in the Cartesian 

coordinate frame of mass each link, respectively.  

C. Linear Inverted Pendulum Model (LIPM) 

The humanoid robot is a system with complex 

dynamics. It is useful to approximate these dynamic by a 

simple model. The simple model used in this research is 

the Linear Inverted Pendulum Model (LIPM) [10] as 

shown in Fig. 4(A). The calculation of the acceleration 

axis y of the robot was shown as follows. 
 
        𝑌̈𝐶𝑂𝐺 =

𝑔

𝑍𝐺𝐶
(𝑌𝐶𝑂𝐺 − 𝑌𝐶𝑂𝑃) = 𝜔0

2(𝑌𝐶𝑂𝐺 − 𝑌𝐶𝑂𝑃)    (7) 

 

With  𝑌̈𝐶𝑂𝐺 ,  𝑔 ,  𝑍𝐺𝐶 ,  𝑌𝐶𝑂𝐺 ,  𝑌𝐶𝑂𝑃  , and 𝜔0 = √
𝑔

𝑍𝐺𝐶
  

represent of acceleration, gravitational constant, the 

constant height of COM, the position Center of gravity 

(COG) in axis y, position of Center of pressure (COP), 

and time constant of a single pendulum, respectively. 

D. Center of Pressure (COP) 

The COP is the point of application of the resultant 

ground reaction force of the robot. The COP should stay 

within the convex hull of the foot support area, can be 

rewritten as.  

 

           𝑌𝐶𝑂𝑃 = 𝑌𝐶𝑂𝐺 − (
𝑍𝐺𝐶

𝑔
) 𝑌̈𝐶𝑂𝐺 = 𝑌𝐶𝑂𝐺 − (

𝑌̈𝐶𝑂𝐺

𝜔0
2 )      (8) 

 

This constraint is written as follows, 𝑙𝑟 < 𝑌𝐶𝑂𝑃 < 𝑙𝑓 

which 𝑙𝑟  and 𝑙𝑓  represent of rear-foot-edge and front-

foot-edge, respectively. The COP is used to calculate 

orbital energy in objective functions. 

E. Balancing Humanoid Robot 

The balancing of human for clockwise and 

counterclockwise apply the relationship between COG 

and COP [19]. Many researchers employs this relation to 

the balance recovery process using the combination from 

various joint movements. For example, S.Kiemel [10] 

applied Ankle strategy and Ankle-Hip strategy to balance 

recovery for the Tulip robot. To keep the Sarcos Primus 

robot balance, Benjamin Stephens [20] employed the 

Step-out strategy. In this research, the relationship 

between COG and COP for balancing is demonstrated in 

Fig. 4.  

Each figure shows the changing situation at one of six 

different points in time. Time-1 (see Fig. 4(A)), the robot 

standing with the reference position situated on the robot 

left heel and received external force at the upper body. At 

this position, COP = COG, and angle of the foot sole 

which refers to the floor is set to 0. Next, the heel would 

be rotated, and the robot would move to the rear which 

affected to position of COG leads COP according to the 

direction of external force or this position, COP > COG 

in referent and the angle of foot > 0, such that at Time-2 

W1 

W4 W3 

W2 

y 

x 

L 

L 

y 

x 

𝑞𝑓 
𝑞𝑏 

𝑞𝑏 𝑞𝑓 
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(see Fig. 4(B)). At Time-3 (see Fig. 4(C)), the robot 

response balance recovery by joints of the robot, to slide 

COP position ahead of COG position or this position, 

COP < COG in referent. After that, the robot would stay 

still for a moment at this position, Time-4 as shown in 

Fig. 4(D). Later, the robot would bring the joint position 

to the initial position at Time-5, as shown in Fig. 4 (E). 

Finally, the robot would landed freedom by the gravity to 

forward at Time-6 as shown in Fig. 4 (F). 

 

Ycog (mm.)

Xc
og

 (m
m.

)

Ycog
Ycop

zx
y

COM

ZGc

Mass

Referent(0,0,0)
                

            (A)           (B)         (C)          (D)              (E)          (F)   

Figure 4. The stand-balancing humanoid robot from external force. (A) 
the robot standing, (B) the robot would move to the rear, (C) the robot 

response balance recovery by joints of robot, (D) the robot would stay 

still, (E) the joint position at the initial position, (F) the robot to forward. 

F. Trajectory 

This research uses the trajectory of cubic spline 

interpolation in two trajectories: the trajectory of COG 

and the trajectory of the joint of a robot. The velocity and 

acceleration of the initial and final conditions are 

specified to be zero. The interval time of cubic spline 

interpolation [ti, ti+1] [21, 22] can be rewritten as:  

  

Position :   

      𝑄𝑗,𝑖(𝑡) =
𝑄̈𝑗,𝑖(𝑡𝑖)

6ℎ𝑖

(𝑡𝑖+1 − 𝑡)3 +
𝑄̈𝑗,𝑖(𝑡𝑖+1)

6ℎ𝑖

(𝑡 − 𝑡𝑖)
3

 

                       + (
𝑞𝑗,𝑖

ℎ𝑖

−
𝑄̈𝑗,𝑖(𝑡𝑖)

6
ℎ𝑖) (𝑡𝑖+1 − 𝑡) 

   + (
𝑞𝑗,𝑖+1

ℎ𝑖

−
𝑄̈𝑗,𝑖(𝑡𝑖+1)

6
ℎ𝑖) (𝑡 − 𝑡𝑖) 

 

 

Velocity : 

𝑄̇𝑗,𝑖(𝑡) = −
𝑄̈𝑗,𝑖(𝑡𝑖)

2ℎ𝑖

(𝑡𝑖+1 − 𝑡)2 +
𝑄̈𝑗,𝑖(𝑡𝑖+1)

2ℎ𝑖

(𝑡 − 𝑡𝑖)
2

 

                  − (
𝑞𝑗,𝑖

ℎ𝑖

−
𝑄̈𝑗,𝑖(𝑡𝑖)

6
ℎ𝑖) + (

𝑞𝑗,𝑖+1

ℎ𝑖

−
𝑄̈𝑗,𝑖(𝑡𝑖+1)

6
ℎ𝑖) 

 

 

Acceleration :  

  𝑄̈𝑗,𝑖(𝑡) =
𝑄̈𝑗,𝑖(𝑡𝑖)

ℎ𝑖

(𝑡𝑖+1 − 𝑡) +
𝑄̈𝑗,𝑖(𝑡𝑖+1)

ℎ𝑖

(𝑡 − 𝑡𝑖) 

 

 

 

 

Jerk :  

𝑄𝑗,𝑖(𝑡) =
𝑄̈𝑗,𝑖(𝑡𝑖+1) − 𝑄̈𝑗,𝑖(𝑡𝑖)

ℎ𝑖

 

The condition in velocity, acceleration of the initial 

and final are specified to be zero and continuous. 

Therefore, two extra knots (position ( 𝑞̅2 , 𝑞̅𝑛−1 ) at time 

(𝑡2̅ =
𝑡1+𝑡3

2
, 𝑡𝑛̅−1 =

𝑡𝑛−2+𝑡𝑛

2
) [18,19], can be rewritten as.  

 

𝑞̅2 = 𝑞1 + ℎ1𝑣1 +
ℎ1

2

3
𝑎1 +

ℎ1
2

6
𝑄̈𝑗,2(𝑡2) 

𝑞̅𝑛−1 = 𝑞𝑛 − ℎ𝑛−1𝑣𝑛 +
ℎ𝑛−1

2

3
𝑎𝑛 +

ℎ𝑛−1
2

6
𝑄̈𝑗,𝑛−1(𝑡𝑛−1) 

 

When 𝑄𝑗,𝑖(𝑡) , ℎ𝑖 = 𝑡𝑖+1 − 𝑡 , 𝑞𝑗,𝑖 , 𝑄̈𝑗,𝑖(𝑡) ,  𝑣1 , 𝑣𝑛 , 𝑎1 , 

𝑎𝑛, 𝑗 and 𝑖 represent of position, interval time, position of 

joint, acceleration of joint, initial velocity, final velocity, 

initial acceleration, final acceleration, a joint of robot and 

a knot sequences, respectively. In the case of the 

trajectory COG position without 𝑗 variable. 

III. NUMERICAL SIMULATION 

The numerical simulation present step by step 

procedure of implementation of the proposed numerical 

simulation is outlined below as shown in Fig. 5.  
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Figure 5. The process of numerical simulation. 

 

A. Multi-objective of Balancing Humanoid Robot 

The multi-objective optimization is a design assigned 

to determine optimal point. For the problem that has more 

than one objective functions, it also has more than one 

optimum solution. The traditional combination of these 

results is called a set of Pareto optimal solutions or a 

Pareto front which is viewed in the objective function 

domain.  

A typical mathematical formulation of multi-objective 

optimization can be expressed as: 

  

     𝑀𝑖𝑚𝑖𝑚𝑖𝑧𝑒 ∶ 𝐹(𝑥) = {𝑓1(𝑥), 𝑓2(𝑥), … , 𝑓𝑜(𝑥)}          (41)  

 

     Constraints  

 

                            

𝑔𝑖(𝑥) ≤ 0, 𝑖 = 1,… ,𝑚

ℎ𝑖(𝑥) = 0, 𝑖 = 1,… , 𝑙
𝐿𝑖 ≤ 𝑥𝑖 ≤ 𝑈𝑖 , 𝑖 = 1, … , 𝑛

 

 

When 𝑥  and   𝑓𝑖  represents of design variable and 

objective functions, respectively. Function 𝑔𝑖(𝑥)  and 

ℎ𝑖(𝑥) are the inequality and equality constraints while 𝐿𝑖 

and 𝑈𝑖 are lower and upper bound constraints. Parameter 

𝑚, 𝑙 , and 𝑛  are number of variable and 𝑜  is number 

objective function.     

 

A.1 Objective functions 

The design problem in this study has three objective 

functions which are the minimum orbital energy 

(𝐸𝐿𝐼𝑃𝑀,𝑌), minimum error of phase portrait (𝑟𝑒𝑟𝑟𝑜𝑟), and 

the minimum jerk(𝑗𝑒𝑟𝑘) . Details can be descripted as 

follows. 

 

A.1.1 Orbital energy minimization 

Concept of the orbital energy is conserved in the 

motion of the simplified humanoid robot model which is 

considered as a Linear Inverted Pendulum [23]. S. Kajita, 

et al. applied it to observe the humanoid balancing [23]. 

The total energy is determined in (15) and the objective 

function in (16).         
 

𝐸𝐿𝐼𝑃𝑀,𝑌 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 =
1

2
𝑌̇𝐶𝑂𝐺

2 −
𝑔

2𝑍𝐺𝐶
(𝑌𝐶𝑂𝐺 − 𝑌𝐶𝑂𝑃)2

 (15)    

      

𝐹𝑂𝐵𝐽1 = 𝑚𝑖𝑛 ∑|𝐸𝐿𝐼𝑃𝑀,𝑌(𝑡)|

𝑡𝑒𝑛𝑑

𝑡0

 

 

To ensure that the robot recovering its balance, the 

COG position is manipulated to be the original position 

as before it has been hit. Not only the position but also 

the velocity of the COG are considered. If the velocity is 

not 0, the robot cannot assume to be recovered. Therefore, 

the COG’s phase portrait is introduced [10][20]. It is a 

contour of the COG position versus it’s velocity, see Fig. 

6.  

 

A.1.2 Error of phase portrait minimization 

The smoothness of this path represents smoothness of 

the robot movement. In this work, the standard ellipse 

path is set as the deigned path of the COG’s phase 

portrait. The COG path, in this work, is also called the 

ellipse based trajectory. Error between the standard 

ellipse and the ellipse based trajectory present on 

proportional of position and velocity of the COG. Large 

error can lead to difficulty of bringing the robot’s 

trajectory to it’s balance.         

Its center position (𝑥𝑐𝑒𝑛𝑡𝑒𝑟 , 𝑦𝑐𝑒𝑛𝑡𝑒𝑟)  of COG path is 

derived as:     

               𝑥𝑐𝑒𝑛𝑡𝑒𝑟 = 𝑥𝑚𝑖𝑛 + (
𝑥𝑚𝑎𝑥−𝑥𝑚𝑖𝑛

2
) 

               𝑦𝑐𝑒𝑛𝑡𝑒𝑟 = 𝑦𝑚𝑖𝑛 + (
|𝑦𝑚𝑎𝑥|+|𝑦𝑚𝑖𝑛|

2
) 

 

Where (𝑥𝑚𝑖𝑛 , 𝑦𝑚𝑖𝑛)  and (𝑥𝑚𝑎𝑥 , 𝑦𝑚𝑎𝑥)  represent the 

minimum and maximum of position standard ellipse, 

respectively.       

 
Figure 6. Ellipse based trajectory of COG in the phase portrait. 

 

The calculation error of radius (𝑟𝑒𝑟𝑟𝑜𝑟) is derived as:  

                𝑟𝑒𝑙𝑙𝑖𝑝𝑠𝑒(𝑡) = √𝑥𝑒𝑙𝑙𝑖𝑝𝑠𝑒
2 (𝑡) + 𝑦𝑒𝑙𝑙𝑖𝑝𝑠𝑒

2 (𝑡) 

                     𝑟𝑐𝑜𝑔(𝑡) = √𝑥𝑐𝑜𝑔
2 (𝑡) + 𝑦𝑐𝑜𝑔

2 (𝑡) 

                  𝑟𝑒𝑟𝑟𝑜𝑟(𝑡) = |𝑟𝑒𝑙𝑙𝑖𝑝𝑠𝑒(𝑡) − 𝑟𝑐𝑜𝑔(𝑡)| 
 

When (𝑥𝑒𝑙𝑙𝑖𝑝𝑠𝑒 = 𝑟1 cos 𝜃 + 𝑥𝑐𝑒𝑛𝑡𝑒𝑟 , 𝑦𝑒𝑙𝑙𝑖𝑝𝑠𝑒 =

𝑟2 sin 𝜃 + 𝑦𝑐𝑒𝑛𝑡𝑒𝑟) , (𝑥𝑐𝑜𝑔 , 𝑦𝑐𝑜𝑔)  , 𝑟𝑒𝑙𝑙𝑖𝑝𝑠𝑒  , 𝑟𝑐𝑜𝑔 , 𝑟1 =

𝑥𝑚𝑎𝑥 − 𝑥𝑐𝑒𝑛𝑡𝑒𝑟  and 𝑟2 = 𝑦𝑐𝑒𝑛𝑡𝑒𝑟   represent the position 

standard ellipse, position of COG, radius of standard 

ellipse and radius of COG, radius of standard ellipse axis 

xmin xmax 

xcenter, ycenter 
 

r1 

r2 

ymax 

ymin 

(16) 7) Result of Pareto front of six strategy  

8) Select the best of Pareto archive each strategy     

     using the weighted product method (WPM). 

9) Select the best strategy of comparison of  

     weighted product method of each strategies. 

10) Return the best strategy and designed variables  

     for experiments. 

 

A 

End  
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x and radius of standard ellipse axis y, respectively and 

the  objective function in (17).    

 

𝐹𝑂𝐵𝐽2 = 𝑚𝑖𝑛 ∑ 𝑟𝑒𝑟𝑟𝑜𝑟(𝑡)

𝑡𝑒𝑛𝑑

𝑡0

 

         

Jerk in particular is related with mechanical wear off. 

The systems are considered jerk monitoring are specially 

useful for protective supervision. Thus, it may minimize 

the sum of the squared jerk along its trajectory to 

objective function. 

 

A.1.3 Jerk minimization 

In this work, the servo motors are applied for the 

robot’s joints, therefore, the system should have a 

minimum jerk, see (12), and objective function presents 

in (17) [24].      

 

𝐹𝑂𝐵𝐽3 = 𝑚𝑖𝑛 ∑ ∫ |𝑞(𝑡)|𝑑𝑡

𝑡𝑒𝑛𝑑

𝑡0

𝑁

𝑗=1

 

 

The inequality and equality determined constraints for 

balance recovery as:   

       0 ≤ 𝑞𝑗 ≤ 20 

     |𝑞̇𝑗(𝑡)| = 𝑣𝑚𝑎𝑥𝑗  

     |𝑞𝑗(𝑡)| ≤ 𝐽𝐶𝑗 

 

Where 𝑣𝑚𝑎𝑥𝑗  and 𝐽𝐶𝑗 represents of maximum velocity of 

the joint angle and jerk constraints of third quartile (Q3) 

of the statistics boxplot. The lower bound and upper 

bound are set to 0 degree and 20 degree for the range of 

each joint. 

B. Multi-Objective Whale Optimization Algorithm  

Multi-objective Whale Optimization Algorithm 

(MOWOA) is a recent meta-heuristic optimization 

algorithm proposed by Ishwar Ram Kumawat, et al. [25]. 

In this work, apply optimization techniques search 

optimum point for balance recovery. Their solutions are 

unlikely to give premature convergence. They also utilize 

non-dominated solution for Pareto front [25][26].        

 

B.1 Multi-objective 

An external Pareto archive employs a non-dominated 

solution. The step by step procedure of implementation of 

the proposed algorithm is outlined below: 

Step 1: Initialize population of design variable vector 

is set as the joint angle value related to the chosen 

strategy. 

    

1,1 1,1

2,1 2,2

,1 ,

d

d

n n dn

q qq

q qq
Q

q qq

  
  
   
  
  

   

 , 0 20q   

  

When 𝑞 is the value of joint angle range 0-20 degree. 

The angle is picked randomly and then roundup to the 

possible value of the Bioloid’s angle. The servo motor of 

the robot has a resolution of 0.29 degree. The subscript 

n  is the population size or number of search agents and 

d indicates the number of joints in the chosen strategy. 

For example, the number d of the “ankle” or “knee” 

strategies is 2, the “ankle and knee” or “ankle and hip” 

strategies is 4. In the case of “ankle, knee and hip” and 

the whole body (ankle, knee, hip, arms), d  is 6 and 12, 

respectively.   

Step 2: Evaluate the fitness evaluation of a design 

variable vector. For the three objectives 𝑓1, 𝑓2, 𝑓3 and the 

vector solution, F is feasible solutions in inequality 

constraints. 

 

         

     

     

     

1 1 2 1 3 1

1 2 2 2 3 2

1 2 3n n n

f q f q f q

f q f q f q
F Q

f q f q f q

 
 
 
 
 
  

 

 

Step 3: Determine the non-dominated solution (NS) as 

shown in Fig. 7. They store and update a set of non-

dominate in Pareto archive (P).  

 

 
 

Figure 7. Non-dominated solutions. 

 

Step 4: Select the best solution from Pareto archive 

using the roulette wheel technique and grid mechanism 

[27].  

Step 5: Update the best solution if there are better 

solutions then the next generation is generated. 

Step 6: Repeat step 1 to 5 until a termination criterion 

is met. 

B.2 Multi-Criteria Decision Making (MCDM) methods 

To select the best Pareto archive, the MCDM method, 

the weighted product method (WPM) is utilized. The 

multi-criteria utility function  U  is introduced [14] by 

multiplying all three of the objective function values, see 

(21). 

 
1

i
n w

i
i

U F x


                   (21) 

      

Where n  is a number of the objective function and the  

iw  is the weights indicating the relative importance of 

the objective functions [14], called weight index.  

𝑓2 

𝑓1 
𝑥1 

𝑥5 𝑥3 

𝑥2 

𝑥4 

𝑥2, 𝑥3, 𝑥4 
dominated solution 

 

 

𝑥1, 𝑥5 
non-dominated solution 

 

 

(18) 

(19) 

(20) 

(17) 
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C.  Whale Optimization Algorithm (WOA)  

The WOA algorithm is an optimization mimicking the 

hunting behavior of the humpback whale. The searching 

pattern imitates an encircling prey, spiral bubble-net 

feeding maneuver, and searches for prey [28].The Pseudo 

code of the WOA is shown in Fig. 8.   

This investigation is conducted utilize the MATLAB 

software. All variable, parameters, and their values are 

defined as follow: the population size or number of 

search agents (𝑛𝑎)  = 30, number of population = 

(2,4,6,12), number of iteration (𝑛𝑖𝑡𝑒𝑟)  = 100, size of 

Pareto archive (𝑛𝑎𝑟𝑐ℎ𝑖𝑣𝑒) = 300, number of grid per each 

dimension (nGrid) = 10, grid inflation parameter(alpha) = 

0.1, vector 𝛼⃗  from 2 to 0, lower bound constraints(𝐿𝑖)= 0, 

upper bound constraints (𝑈𝑖) = 20, weight index  iw =1. 

Each strategy accomplished by 5 independent runs. 

 

Pseudo code : WOA (Algorithm) 

Initialize the whales population Xi (i=1,2,…n) 
Calculate the fitness of each search agent 

𝑋∗the best search agent 
while (t<maximum number of iterations) 

          for each search agent 

                Update a,A,C,l,and P 

                if1(P<0.5)  

    if2(|A|<1)  
         Update the position of the current search agent 

    else if2(|A|≥1)   
                           Select a random search agent (Xrand) 

          Update the position of the current search agent  

    end if2 

                else if1(P≥0.5)    
                           Update the position of the current search agent   

                end if1          

          end for 
          Check if any search agent goes beyond the search space and 

amend it 

           Calculate the fitness of each search agent 

           Update 𝑋∗ if there is a better solution 

           t=t+1 

end while  

return 𝑋∗ 

Figure 8. Pseudo code of the WOA algorithm [28]. 
 

D. Simulation Result 

The Pareto front of six strategies are illustrated in Fig. 

9, and the minimization WPM for each strategy is 

presented in TABLE 1. The ankle strategy gives the best 

result for the WPM which is 617,187,582,559,110.00. 

The first objective function (Orbital Energy) is 

3,219,129.50, and the second objective function (error of 

phase portrait) is 4,046.05579 mm
2
/s. In addition, the 

third objective function which is the total jerk of left and 

right ankle is 47,385.65234 deg/sec
3
. The movements of 

the robot using the ankle strategy for step balancing is 

shown in Fig. 10. The designed variable is the ankle 

strategy which had the angle joint = 4.93 degree.   

 

 
Figure 9. Pareto front 3 objective functions (f1,f2,f3). 

 

TABLE I. MINIMIZATION VALUE OF WPM FOR EACH STRATEGY 
 

Strategy 
Best (minimization 
weighted product) 

Design 
variable  

 ankle     617,187,582,559,110.00 qAnkle=4.93 

 knee  1,175,460,976,818,350.00 qKnee =9.28 

ankle and knee  
   617,187,582,559,110.00 

 
qAnkle=4.93 
qKnee=0 

ankle and hip  
   617,187,582,559,110.00 

 

qAnkle=4.93 

qHip=0 

ankle, knee and hip  
   617,187,582,559,110.00 

 

qAnkle=4.93 
qKnee=0 

qHip=0 

whole body 

(ankle,knee,hip,arms)  
   617,187,582,559,110.00 

 

qAnkle=4.93 

qKnee=0 

qHip=0 

qshoulder1=0 
q shoulde2=0 

qelbow=0 

 

                  

                 
Figure 10. The simulation of stand-balancing humanoid robot from  

external force by Ankle strategy. 

1) 2) 3) 

4) 5) 6) 
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IV. EXPERIMENTAL 

From the previous section, the simulation shows that 

the Ankle strategy achieves the best optimum point. Next 

step, the simulation results are implemented on the real 

humanoid robot. 

A. Experimental Setup 

This work uses the Bioloid premium Type A for all 

experiments. It is 350 mm tall, weight 1.736 kg, foot size 

is width 60 mm and length 100 mm. The left and right 

foot is apart for 20 mm. During the double-support phase 

(DSP), the stable region, inside 2 feet, is 140 mm x 100 

mm The center of mass of this robot locates at (70 mm, 

50 mm, 159 mm), where the origin point (reference point) 

is on the outer heel of the left foot, shown in Fig 1. An 

external force is generated from a 0.5 kg iron weight 

tighten to a 225 mm cable and is pulled the string to an 

angle of 27.5 degree, such pendulum provides centripetal 

force (Fnet = 1.11 N) or Impulse (Id=0.352 Ns).            

In addition, the balancing is described as follows. The 

robot would stand still to maintain balancing that it stood 

upright with slightly bended knee in order to make the 

COM position placed in the middle of the feet. The robot 

system would keep joint position at the initial position 

(home position) and then the external force hit the robot 

on the upper front area, height of 254 mm see Fig. 11(A). 

The main control unit for all 18 servo-motors is the CM-

530 module through the RS232 communication protocol. 

The joint angle is acquired from CM-530 and send to 

MATLAB program. Only two joint angles are needed for 

an Ankle strategy, this makes the average sampling rate 

to 52.35 Hz. The robot’s left foot consists of a 9-axis 

sensor (MPU9150). It provides the angle of the foot sole 

which refers to the floor. Another one PC is dedicated the 

fetch the angle data from MPU9150 to the MATLAB 

with sampling rate of 26.59 Hz.     

B. Ankle Strategy for Balancing 

As the simulation result indicates that the Ankle 

strategy gives the best optimum point, the controlled joint 

angle of right (q2) and left (q11) are set to 4.93 degree. 

At this state, the toe is lifted and sole product a 13.482 

degree to the floor. Movements of the robot are 

demonstrated in Fig. 11. The process of restoring robot’s 

balance can be divided into 6 periods. First period, before 

an external force hit, the robot stands balance in the initial 

position, see Fig. 11(A). Second period, right after the 

robot has been hit, the robot is moved to the rear, same 

direction of the force, Fig. 11(B). Third period, ankle 

joints are controlled to 4.93 degree while an soles angle 

are slightly increased, as show in Fig. 11(C). After that, 

the robot would stay still for a moment as shown in Fig. 

11(D). Next, it would adjust the joint position at the 

initial position as shown in Fig. 11(E). Finally, the robot 

body is moved forward by the gravity and landed to the 

ground for balancing, as shown in Fig. 11(F). The results 

of the restoring balance is reported in Table II.     
 

 
 

 

TABLE II. THE RESULT OF RESTORING BALANCE PROCESS. 

step Time (sec) Angle of foot 
(degree) 

Ankle joints 
(degree) 

1 0 0 0 

2 0.131 7.454 0 

3 0.318 284.31 4.93 

4 0.470 284.31 4.93 

5 0.728 7.454 0 

6 0.878 0 0 

 

        
         (A) t0=0 sec                (B) t2=0.131 sec              (C) t3=0.318 sec 
 

        
     (D) t4=0.470 sec             (E) t5=0.728 sec               (F) t6=0.878 sec 
 

Figure 11. The experimental of stand-balancing humanoid robot from 

external force. 

C. Results and Analysis 

Three experimentation results are compared; 1) the 

result from trial-and-error technique, 2) the result from 

the best of optimum point simulation of Ankle strategy by 

MOWOA and 3) the actual result using the value from 

the simulation. The robot can restore it’s balance for 

these three experiments. Average error angle of foot = 

1.813 degree (13.448%) (see Fig. 12), right ankle (q2) = 

0.747 degree (15.154%) (see Fig. 13), left ankle (q11) = 

0.852 degree (17.294%) (see Fig. 14). The results of three 

objective functions are presented in Table3.  

The comparison results of the experiment on the real 

robot applying angle from trial-and-error and MOWOA 

techniques can be discussed as follows. For the orbital 

energy, the MOWOA achieves better result over the trial-

and-error for 16.11%. For the phase portrait aspect, the 

MOWOA conducts better results over the trial-and-error 

for 6.46%. This means the MOWOA gives a smoother 

movement of COG. For the jerk analysis, the MOWOA 

demonstrates better results of 54.84%. This means it can 

prevent the damage on joint 54.84% over the trial-and-

error technique. All comparison results are shown in 
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Table4. The comparison results of jerk are show in Fig. 

15 and Fig. 16.     

TABLE III. RESULT OF RECOVER TECHNIQUES OF PATTERN 

GENERATORS OF HUMANOID ROBOT IN OBJECTIVE FUNCTION. 

Objective 

function 
Simulation Actual* 

Trial-and- 

error 

Orbital Energy 3,219,129.50 2,863,521.26 3,413,651.50 

Error of phase 

portrait 
4,046.05 

mm2/s 

7,611.52  

mm2/s 

8,137.53 

mm2/s 

Jerk 
47,385.65 

degree/sec3   
14,464.18 

degree/sec3   

12,835.68 
degree/sec3   

*Actual means the test on real robot 

TABLE IV. THE COMPARISON ERROR OF RESULT TECHNIQUES OF 

PATTERN GENERATORS OF HUMANOID ROBOT IN OBJECTIVE FUNCTION. 

Objective 
function 

Simulation 
VS Actual 

Simulation 

VS Trial-

and-error 

Actual VS Trial-
and-error 

Orbital Energy 

11.04% 6.04% 16.11% 

Error of phase 

portrait 

46.84% 50.27% 6416% 

Jerk 12.49% 48.40% 41441% 

 

 

Figure 12
. 
Comparison results of angle foot for 3 techniques. 

 

Figure 13. Comparison result of right ankle

 

for 3 techniques.

 
 

 
Figure 14. Comparison result of left ankle for 3 techniques. 

 

 
Figure 15. Comparison of jerk for right ankle. 

 

 
Figure 16. Comparison of jerk for left ankle.  

 

The analysis result of the COG position must be 

considered to indicate robot’s stability. The angle of foot 

and joint ankles are utilized to determine the COG 

position, as show in Fig 17. From the experiment, it is 

found that changing of COG position can be separated 

into 4 main parts which are; 1) “Part A” it is the period 

that the robot received external force and its gesture is a 

controlled response through the joint ankle for 4.93 

degree. “Part B” is the period of delay time of joint ankle 

and control joint ankle to the initial position. At this stage, 

Trial-and-error 

Actual result 

Simulation result 

Trial-and-error
 

Actual result
 

 

Simulation result
 

Actual result 
 

Trial-and-error Simulation result 
 

Trial-and-error 

Actual result 
 

Simulation result 
 

Trial-and-error 

Actual result 
 

Simulation result 
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the robot start to hold its position. “Part C” is the period 

when the robot moves forward according to the gravity. 

“Part D” is the period when the robot entered into 

stagnant state. This position average minimum COG 

position of the MOWOA simulation is 17.13 mm (0 mm 

is unstable), the MOWOA on real robot is 12.54 mm and 

the trial-and-error is 2.83 mm. This means the trial-and-

error is closer to unstable state.    

For all results, they demonstrate that the techniques of 

optimization by MOWOA can solve complexity problem, 

such a humanoid robot, better than trial-and-error.   

 
Figure 17. The experimental trajectory of COG. 

 

 
 

Figure 18. The experimental trajectory of COG on phase portrait. 

V.  CONCLUSION 

The balancing humanoid robot  from external force is 

an important and can be application in the future when 

human and humanoid are working together. This is 

because the large force causing the robot falling over 

damaged or even dangerous to human. This work focuses 

on recovery strategy balancing of a Bioloid robot from 

external force (1.11N) by controlling robot’s joint. There 

are 12 joints that are important to balance humanoid 

robot. Each joint of the robot has differences in weight 

and position. As this research focuses to restore robot 

balancing, an ankle joint control strategy is chosen from 

six strategies which are; 1) ankle strategy, 2) knee 

strategy, 3) ankle and knee strategy, 4) ankle and hip 

strategy, 5) ankle, knee and hip strategy, and 6) whole 

body (ankle, knee, hip and arms) strategy.  

The desired recovery trajectory is first obtained from a 

trial-and-error technique. Later, the Multi-Objective 

Whale Optimization Algorithm (MOWOA) is used to 

refine the trajectory. Three objective functions which are; 

1) the minimal orbital energy, 2) the minimal error of 

phase portrait, and 3) the minimal jerk of the joint, are 

employed. The first objective function indicates that how 

fast the robot can recover its balance while the second the 

minimal error of phase portrait shows the smoothness of 

the COG movement. The last objective function applied 

for preventing the damage in each joint. This Multi-

objective utilizes non-dominated solution for Pareto front 

and for the decision making, the weighted product 

method (WPM) is employed. After getting the optimum 

point in each strategy, the results are then compared to 

obtain the best strategy which is the Ankle strategy. The 

mathematical model of the humanoid is developed in the 

MATLAB to determine position of COG. The data in the 

estimation of MOWOA obtain the trial-and-error 

technique for a balance recovering path. The MOWOA 

shows that the ankle strategy gives the best result with the 

joint ankle at 4.93 degree and angle foot 13.482 degree. 

The experiments show result of 3 techniques which are; 

1) the result from trial-and-error technique, 2) the result 

from the best of optimum point simulation of Ankle 

strategy by MOWOA and, 3) the actual result on the 

Bioloid using the value from the simulation. For the 

orbital energy, the MOWOA achieves better result over 

the trial-and-error for 16.11%. For the phase portrait 

aspect, the MOWOA conducts better results over the 

trial-and-error for 6.46%. This means the MOWOA gives 

a smoother movement of COG. For the jerk analysis, the 

MOWOA demonstrates that it can prevent the damage on 

joint better than the trial-and-error technique 54.84%. 
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APPENDIX A: DH PARAMETER TABLE 

TABLE A.1 DH PARAMETER TABLE FROM POINT REFERENT (A) TO 

POINT JOINT RIGHT ANKLE (V)     

 

Frame No. 𝜃𝑖 𝑑𝑖 𝑎𝑖 𝛼𝑖 

V1 pi/2 LF0 LF1 0 

V2 pi+𝑞𝑓 0 LF1 0 

V3 pi+𝑞𝑏 0 LF2 pi/2 

V4 0 0 0 pi/2 

V5 pi/2 0 RL1 pi/2 

 

TABLE A.2 DH PARAMETER TABLE FROM POINT JOINT LEFT ANKLE (V) 

TO END EFFECTOR OF LEFT HEEL (F)   

Frame No. 𝜃𝑖 𝑑𝑖 𝑎𝑖 𝛼𝑖 

1 𝑞1 0 0 -pi/2 

2 𝑞2+𝑞𝑖2,3 0 RL2 0 

3 𝑞3-𝑞𝑖3,4 0 RL3 0 

4 𝑞4+𝑞𝑖4,5 0 0 pi/2 

5 𝑞5 0 RL4 pi/2 

6 pi/2 0 0 -pi/2 

7 𝑞6-pi/2 0 -RL5 0 

8 𝑞7 LL4 0 pi/2 

9 𝑞8+pi/2 0 0 -pi/2 

10 𝑞9-𝑞𝑖9,10 0 LL3 0 

11 𝑞10+𝑞𝑖10,11 0 LL2 0 

12 𝑞11-𝑞𝑖11,12 0 0 pi/2 

13 𝑞12 0 LL1 0 

14 0 LF2 0 0 
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TABLE A.3 DH PARAMETER TABLE FROM POINT JOINT RIGHT HIP (𝑞6) 

TO POINT EFFECTOR OF HEAD (H)   

 

Frame No. 𝜃𝑖 𝑑𝑖 𝑎𝑖 𝛼𝑖 

V6 𝑞6-pi/2 0 -B1 0 

V7 0 -B2 0 0 

V8 0 -B3 0 0 

 

TABLE A.4 DH PARAMETER TABLE FROM CENTER OF BODY (TORSO) 

TO POINT EFFECTOR OF RIGHT HAND (R)   

 

Frame No. 𝜃𝑖 𝑑𝑖 𝑎𝑖 𝛼𝑖 

15 0 0 0 pi/2 

16 pi/2 0 0 pi/2 

17 0 D1 0 0 

18 𝑞13 D2 D3 pi/2 

19 𝑞14 0 D4 0 

20 𝑞15 0 D5 0 

 

TABLE A.5 DH PARAMETER TABLE FROM CENTER OF BODY (TORSO) 

TO POINT EFFECTOR OF LEFT HAND (L)   

 

Frame No. 𝜃𝑖 𝑑𝑖 𝑎𝑖 𝛼𝑖 

21 0 0 0 pi/2 

22 pi/2 0 0 pi/2 

23 0 -A1 0 0 

24 𝑞16 -A2 A3 pi/2 

25 𝑞17 0 A4 0 

26 𝑞18 0 A5 0 

TABLE A.6 DH PARAMETER TABLE OF SUB MASS  

   
Frame 

No. 
𝜃𝑖 𝑑𝑖 𝑎𝑖 𝛼𝑖 Pcom 

C1 0 L1COM L2COM 0 Pcom1 

C2 𝑞2+𝑞𝑖2,3 0 L3COM 0 Pcom2 

C3 𝑞4+𝑞𝑖4,5 0 0 pi/2 
Pcom3 

C4 0 L4COM L5COM 0 

C5 0 0 0 pi/2 
Pcom4 

C6 0 -L6COM -L7COM 0 

C7 0 0 -L8COM 0 Pcom5 

C8 0 -L9COM 
-

L10COM 
0 Pcom6 

C9 𝑞6-pi/2 0 
-

L11COM 
0 

Pcom7 C10 0 -L12COM 0 0 

C11 0 0 0 pi/2 

C12 0 L13COM 0 0 

C13 𝑞14 0 L14COM 0 Pcom8 

C14 𝑞15 0 L15COM 0 Pcom9 

C15 𝑞17 0 L16COM 0 
Pcom1

0 

C16 𝑞18 0 L17COM 0 
Pcom1

1 

 

 

APPENDIX B: VARIABLE AND CONSTANTS 

TABLE B VARIABLE AND CONSTANTS 

 

Num 

ber 

vari

abl
e 

Constant

s 

Nu

m 
ber 

variable 
Constant

s 

1 
LF

0 
110 mm. 14 A3,D3 

14.5 

mm. 

2 
LF
1 

100 mm. 15 A4,D4 
67.5 
mm. 

3 
LF

2 
50 mm. 16 A5,D5 106 mm. 

4 
RL
1,L

L1 

31 mm. 17 L1COM,L9COM 
-16.56 

mm. 

5 
RL
2,L

L2 

74 mm. 18 L2COM,L10COM 
11.68 

mm. 

6 

RL

3,L
L3 

74 mm. 19 L3COM,L8COM 
63.41 

mm. 

7 

RL

4,L
L4 

29 mm. 20 L4COM,L6COM 
-18.25 

mm. 

8 
RL

5 
80 mm. 21 L5COM,L7COM 

-17.96 

mm. 

9 B1 40 mm. 22 L11COM 
40.7 
mm. 

10 B2 31 mm. 23 L12COM 
52.1 

mm. 

11 B3 49 mm. 24 L13COM 
12.25 
mm. 

12 
A1,

D1 
47 mm. 25 

L14COM,L16CO

M 

23.43 

mm. 

13 
A2,
D2 

2 mm. 26 
L15COM,L17CO

M 
35.86 
mm. 

APPENDIX C: POSITION AND THE MASS OF EACH LINK 

TABLE C POSITION AND THE MASS OF EACH LINK 

 

mass weight(kg.) 
axis x 

(mm.) 

axis y 

(mm.) 

axis z 

(mm.) 

M1 0.172 110 33.440 42.680 

M2 0.083 110 92.549 78.014 

M3 0.166 110 31.627 142.690 

M4 0.166 30 33.440 42.680 

M5 0.083 30 92.549 78.014 

M6 0.172 30 31.627 142.690 

M7 0.582 69.3 48.387 240.506 

M8 0.078 142.310 66.090 237.197 

M9 0.078 154.951 69.435 159.121 

M10 0.078 -2.313 66.090 237.197 

M11 0.078 -14.965 69.435 159.121 

total mass 1.736    

position  69.746 49.892 159.450 
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