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Abstract—This paper presents an application of controller
design using sinusoidal-input describing function (SIDF) for
a two-link robotic orthosis, which is a non-linear
multivariable system. A controller based on closed-form
solution of lead-lag compensator is generated via unified
approached technique. The performance of the controller is
evaluated with step response, tracking and decoupling
qualities as well as the trajectories tracking and this is
compared with the conventional PID controller.

Index Terms—controls, describing function,
compensator, robotic orthosis

lead-lag

. INTRODUCTION

In the past few decades, robotic devices have gained
more attractions in gait rehabilitation as an alternative
solution to conventional treatments such as strength and
treadmill training. For example, lower limb robotics
orthosis was introduced to substitute the conventional
rehabilitation therapies to reduce the workload of
physiotherapists [1]. Robotic rehabilitation devices are
able to lighten the burden of the healthcare system and
always ready to be used for long-term plans. Studies
show that these devices can help patients to correct their
muscle activation patterns, regain normal gait speed,
achieve normal range of joint motion and fully achieve
independent walking [2]. There are numerous robotic
control algorithms developed for rehabilitation devices.
However, there is still room of improvement for standard
protocols and procedures to obtain reliable assessment
data. Moreover, the benefits of the robotic control
approaches to stroke rehabilitation are still unclear [3].
Hence, further development of a robust control system
for the robotic orthosis are aimed to be done.

Common control schemes deployed in robotic-
assisted training include low level motion control
(position control and tracking) and high level trajectory
planning which may involve human-robot interaction. In
our preliminary study, a two-link robotics orthosis was
developed [4]. A control system was designed using
conventional PID control scheme. A SIMULINK model
was developed in the MATLAB environment according
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to the basic information of the plant model, including the
dynamic model and information available from the data
sheet of the motor driver, actuators and sensors. The
MATLAB simulation results were validated with the
experimental results. However, the results were not
satisfactory and this could due to missing of unknown
terms such as the link disturbance and system vibration
that could alter the system behaviour.

Besides that, both the SIMULINK model and
experimental setup control with PID controller were
assessed with step inputs and trajectory inputs. The result
from both system were compared, and it does not provide
an adequate outcome as the classical system model
transfer function is unable to fully mimic the actual plant
model. Hence, representing the non-linear plant only
from the dynamic model of the plant are not an ideal
solution or even impossible with the present of load
torque disturbances, discontinuous nonlinearities such as
saturation and backlash as well as multivariable in the
system. Thus, a linearized approximation for the non-
linear plant at its nominal operation condition, as known
as describing function approach is required.

The describing function is a successful approach to
approximate the system model in a linear mathematical
form suitable for controller design via simulation. In the
past two decades, the describing function approach has
been applied in various applications and it is a useful
implementation for systematic design of non-linear
control systems such as liquid propellant engine [5],
space robots [6] and two-link robot in horizontal plane
[71, [8].

In the year of 1983, a new approach for design of
conventional non-linear feedback control system based
on one or more describing-function prototypes of the
plant was presented. This approach had been utilized to
design vigorous non-linear feedback system in position
control servo design problem from robotics [9], [10] and
liquid propellant engine in aerospace industries [11]. In
the year of 1987, a computer-aided engineering (CAE)
environment for input/output characterization of
extremely non-linear plants is published. This method is
derived from gaining the sinusoidal-input describing
function (SIDF) models of the non-linear system [12]. In
2002, the characterization method had been extended to
accommodate multivariable non-linear systems with a
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software developed in MATLAB [5]. To complement the
controller synthesis procedures using SIDF approach, a
new software based on non-linear optimization technique
is developed [13]. A recent utilization of this design
platform is applied for idle speed control of
undetermined automotive engine. The method is used to
obtain the actual internal combustion engine model
which consists of discontinuous non-linear expressions.
The describing function method is implemented to deal
with the discontinuous models and a conventional
controller is design using the algebraic approach via the
computer-aided method. The designed controller is
successfully tested on the engine of a real automobile
and it is able to account for the time delay [14].

Describing function is a linearization of a non-linear
element subjected to a sinusoidal input. It is an
approximate method to characterize the non-linear
system. The sinusoidal-input describing function (SIDF)
widely implemented among the numerous describing
functions. The input and output behaviour of a non-linear
system is dependent on the amplitude of excitation signal
and it can be captured with the SIDF model. This model
also capable to describe the dependency of the non-linear
system on the predicted range of frequencies of interest.
Furthermore, a vigorous stable closed-loop systems
without losing the effectiveness of the system can be
achieved. This method has been applied in the control of
non-linear systems with discontinuities and time delays
[81], [12], [14].

In this work, describing function approach is applied
for characterizing the input-output behaviour of the two-
link robotic orthosis at an operating regime of interest. A
controller design procedure based on describing function
approach [14]is then applied to design a multivariable
controller for the SIDF model obtained using describing
function approach. The procedure utilizes an algebraic
technique given in [15] and it is complemented by a lead-

lag compensator design technique developed in [15], [16].

the resulting control system could achieve good tracking
and decoupling qualities while meeting the desired
performance specifications. The paper is organized in the
following manner. The controller synthesis procedure
based on describing function approach is first outlined in
Section 2. The demonstration of the procedure is then
detailed in Section 3. Some results and discussion are
presented in Section 4, and finally the paper is concluded
in Section 5.

Il. CONTROLLER SYNTHESIS PROCEDURES

The synthesis of sinusoidal input describing function
and controller design procedure of this non-linear 2-
inputs-2-outputs system is methodical and the unified
approach is used to tune the controller. This method
consists of two major procedures:

e  Generate of SIDF model and stabilize the model.

e  Controller design using any unified approach.

A. Generate of SIDF Model and Stabilize the Model

The Simulink model as shown in Fig. 1 is generated
based on the dynamic model of the unstable system. The
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proportional K, and integral K; gain were used for unity
velocity feedback for both links for system stabilization.
Torque limiters range were set based on experimental
current data obtained from motor testing.

In order to generate the SIDF models, sinusoid signal
is excited on the system in the following form:

u,(t) = ug, +a, cos(w,t), v=123,..m (1

where, uy is the input, v is the input channel index, u,, is
the DC component of the input signal, a, is the amplitude
of the excitation signal and w, is the excitation frequency.
Both links are excited at the same time with similar but
unequal frequencies to isolate the individual effects of
the inputs on the two outputs. The Fourier integrals are
evaluated once the output histories are generated to
obtain the output, y,.

k .
Iy = Jou1yr Ya(®) expl—jh(wpt + 6,)1dt  (2)

where k is the period index, h is the index for the
measured harmonics, T'is the total period. For this two-
inputs-two-outputs system, 7= 2x/(w;-w,). Then, the
multivariable SIDF models at discrete frequencies are
obtained and give in the following relation:

Gaip i o @, 6) = %/q 7153 @)

We use a MATLAB software developed for this
purpose [7] to characterize the non-linear behaviour of
the system at the operating condition of interest. The
SIDF model of the lower limb exoskeleton is obtained.
Linear fitting is done to obtain the linear model of the
lower limb exoskeleton, G(s). The system is concluded
stable when the closed-loop describing functions are
finally obtained as converge of the Fourier integrals
would not occur unless the output are constrained.

g11 912]

G(s) = [.921 922

B. Controller Design Using Any Unified Approach

The SIDF model obtained in step 1 is utilized in step 2
for the controller design. The algebraic technique is used

v

Desired >© » Unity ™ Torgue Lower [~ *output

Trajectories Velocity —» Limiter |—»{ Limb __pTrajectories
Feedback

(4)

Figure 1. Block diagram of closed-loop two degree-of-freedom lower
limb exoskeleton control system

to exhibit the decoupling procedure for this 2x2 process.
The following relation holds for the classic unity
feedback system.

y = ei(gucu + gijCji) + ej(giicij + .gijcjj)'
i=12;j=12;i+j (5)

where y is the output, e is the error signal, gis the matrix
I/0 model of the system, is the matrix 1/O model of the
controller to be calculated. To attain decoupling, the
given relation must retain:
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cj= -l i=12j=12i#) ®)

gii

To accomplish tracking, (5) and (6) are compared to
obtain the following.

Yi _  Ciiki . _
T_,: - 1+Ciiki'l - 1’2 (7)
ki=gi— 29 i=12;j=12i#j (8
Hence,

K = [ky ky] ©9)

The unified approach in cad_controller MATLAB
function can be utilised to design the c;; and ¢y, [17] :

Step 1. The desired transfer function is expressed as
following.

w} Z1

ha = s2+2¢wp+ 0 = Zs (10)

The 2nd order system is utilized in as it is the
fundamental system that exhibits oscillations and
overshoot. Besides that, the parameters such as damping
ratio, { and the undamped natural frequency, wn are
capable to determine aspects of various kind of responses
such as the settling time with the following equation,

4
= o

Step 2. As the system is formed in a unity feedback
configuration, the actual closed-loop transfer function in
the forms of the compensator parameters is assumed to
be given as:

)61
v,

Step 3. With the hy and h,, the objective function could
be obtained as shown in (12). The desired outcomes
could be achieved by minimizing the objective function
with compensator parameters as the independent
variables. Solving of a set of simultaneous non-linear
numerical equation as shown in (13) is required to
determine the compensator parameters. However, under
optimality condition, Z,;Y,=Z,Y,; is found, hence, the
alternative objective function as shown in (14) is
minimized instead of the objective function.

he = (11)

= (®2|Aa_1h
J= Jr - 2] do (12
/= f(:z|Z1Y2 —ZyYh| dw (13)
/= fa(:)12|Z1Y2 =711 dw (14)

Step 4. The solution from minimizing the objective
function will lead to obtain the value of the compensator
parameters as follow.

C(s) = [

Next, optimum gain for controller will be tuned if the
dynamic behaviour of the non-linear system is not
satisfactory. The tuning of the controller is based on

C11 C12] (15)

€21 C22
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optimization approach to determine the optimum
constant gain before it functions in the best way with the
actual non-linear system. The four gains, K; for each
controller in the controller matrix are optimized and the
objective function, E to be solved is show in (16).

E= [91,1(t) - 91,d(t)]2 + [91,2(t)]2 +

[62,1()—024(O)]" +[6,2(0)] (16)
where,

6, 1(® is the actual response of n™ angle where n=1,2
when the command angle n is a unit step and the
command of the other angle is zero (rad/s).

0,,(H) is the actual response of the ™ angle
where n=1,2 when the command motor speed is zero and
the command of the other angle is a unit step (rad/s).
0,40 is the desired decoupled response of the n™ angle
where n=1,2.

Hence, the returning result of the controller is formed
in (17). Finally, verification of the controller can be done
with digital simulation.

Kii¢11

€)= K31021

K12012]
17
K37C2, (7

I1l.  CONTROLLER DESIGN OF THE TWO-LINK ROBOTIC
ORTHOSIS

The two-link lower limb robotic orthosis moving in
vertical plane is considered. Let L, M,,, 6, be the length,
the total mass, and angle of link n. In this case,
M,;=0.518kg, M>,=0.411kg, L,=0.225m, L,=0.2m, 6, and
6, are operation in range of 55 and 65 degrees
respectively. The equation of motion derived using
Lagrange’s method as below.

_a(oLy_ o
T = dt (aél) 26, (18)
Ty = myyby + 6, — 2MyLy L, (26,6, + 6, ) sin6, + (M, gL, +
2M,gL, + 2M;gL,)sinf; + M,gL, sin(6; + 6,) (19)
_a(ay_o
T = dt (aéz) 86, (20)

Ty = Mgy s + Myyby + 2MyLy Ly6;” sin 6, + MygLs sin(6; + 6,) (21)
where,

My = MyL* + 4M,L,* + MyL,* + 4M, L, L, cos 6, + 4M;L, % +

L+1L+1 (22)

My = MyLy? + 2M,L, L, cos 6, + 1, (23)
My, = ML, + 2M,L,L, cos 0, (24)
My, = MyL,2 + 1, (25)

The suggested controller design method is performed
as follows:

Step 1. As stated in section x, the proportional, K,, and
integral, K; gain used for the unity velocity feedback
were subjectively set to be 20 and 2 respectively; the
torque limiters, 7; range were set at -29 < 7, <29.

Step 2. SIMULINK model is simulated to ensure the
system was stabilized. The MATLAB software [12] is
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prompted to acquire the describing function. The last two
inputs in MATLAB command to generate the transfer
function to match with the frequency response data
which are the numerator and denominator of the linear
transfer functions are adjusted and hence, a nominal
model with the best linear fitting line (Fig. 2 and 3) of the
pseudo-frequency response is generated with the selected

. . . . d

sinusoidal input signals: u,;=30°, u,,=30°, ajzz%,
d

a2:4% ’

®,=[0.3,0.5,0.8,1,2,4,7,11, 19, 32, 55, 94, 150] ,
,=[0.4,0.6,0.9, 2, 3, 5,8, 12, 20, 33, 56, 95, 151].

Step 3. The SIDF model of the lower limb robotic
orthosis generated via the invfregs function of MATLAB
software.

oo -[: 2 e
where,
916) = Fiiaoneranier @7
9128 = — T (28)
G21(s) = — 324-17715;% (29)
92(5) = Frmen—s (30)

Step 4. Then, the cad_controller MATLAB function is
executed to obtain the lead-lag compensator, ¢;; and c;,.
By utilizing (9) and G(s), the off-diagonal terms of 2 x 2
matriX, c¢;, and c,; are identified.

€11 C12
e = [ 2 (31)
21 22
where,
0.596552+8.74515+53.6781
cu(s) = 0.001152+0.10555+1 (32)
1.3019s5*+ 38983253+ 406.90765%+ 1764.08185+ 1.9219
c12(s) = 0.00525%+0.630653+17.828052+187.09395+669.9309 (33)
3.5719s*+ 88.35185%+ 849.196152+ 3241.21515+17.9678
ca(s) = 0.00985%+ 1.111853+26.719052+271.80885+ 1082.0487 (34)
0319152+ 4.67005+28.2399
Cy0(8) = (35)

0.000752+0.0746s+1

Step 5. The gain of the controllers are optimized and
the following gains are selected:
Kll = 5, K12 = 02, K21 = 02, K22 =5,

IV. RESULT AND DISCUSSION

In order to examine the result, the designed model is
tested with MATLAB SIMULINK model consists of the
tuned controller and the non-linear feedback control
system. The performance of the non-linear feedback
control system is assessed with step inputs testing as well
as the tracking and decoupling qualities of both links.

The normalized step responses of both axes are plotted
in Fig. 4 respectively. Optimal static and dynamic
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behaviour is obtained from the tuned single-range
controller. According to Fig. 4, optimal static and
dynamic behaviour is obtained from the tuned single-
range controller with 2% settling time of approximately
0.7 seconds to 1.2 seconds with input angle ranged from
1 to 30 degrees. The response for input of 30 degrees are
slightly slower than the rest. For the second axis, good
static and dynamic behaviour with 2% settling time of
approximately 0.8s seconds was observed for all inputs.
Both axes has a slightly overshoot responses for about
5%.
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Figure 2. Gain matrix of the SIDF model at nominal condition
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Figure 3. Phase matrix of the SIDF model at nominal condition
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Figure 4. Normalized step responses of the first and second axis

This satisfied the objective of low sensitivity of non-
linear closed-loop system with respect to the level of
input command. The output step responses have a longer
settling time than expected which is greater than 0.5
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seconds. Since two links are turning at the same time,
coupling effect between the links are present and hence
the lengthy settling time are acceptable herein.
Furthermore, the percentage overshoot is satisfactory as
long as there is no significant oscillatory behaviour
obtained from both axes.

The tracking qualities and decoupling qualities of the
non-linear feedback control system are plotted in Fig 5
and Fig. 6. Result for link 1 is obtained with a step input
to link 1 and zero input for link 2. Same method is used
for second link to test on the robustness of the controller.
Satisfied tracking and decoupling qualities are executed
at the operating range of 1 to 30 degrees. The tracking
response has a good behaviour as the settling time for
both axes with 1 and 0.7 seconds as shown in the
tracking quality of first and second axis Fig 5 and Fig 6.
A slightly overshoot of 5% was detected for both axes.
According to the decoupling plot in Fig 5 and Fig 6, the
degree of coupling for both axes are 0.3 degree and 0.4
degree which is respectively small compared to the input
of the system. Hence the satisfactory output proven the
proficiency of the suggested design methodology herein
in generating the linear controller to perform
simultaneous signal tracking and decoupling for
multivariable system.

Finally, the system model is executed with 5
continuous gait cycles of lower-limb trajectories (2
seconds for each cycle) for both links as shown in Fig. 7
and 8 respectively. The responses from the SIDF model
with lead-lag compensator are compared with those
previously gained with PID controller. Both responses of
the trajectories are plotted in the same graph for
comparison purpose. As illustrated in both Fig. 7 and 8,
responses from PID controlled system have greater
overshoot at every instant of changing of the rotational
direction as compared to the newly generated model. The
output from PID controller has an overshoot of 7 degrees
as shown in Fig. 7 during the first turning point. A delay
of 0.2s for each cycle is observed and significant jerk at
2.4 seconds is detected in the output trajectory plotted in
Fig. 7. Output of PID controller for second link has an
overshoot that is slightly greater than the response from
SIDF model with lead lag controller as illustrated in Fig.

n ol 60 a rof = 0°

Figure 5. Tracking quality of first axis and decoupling quality from
the second axis
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Figure 6. Tracking quality of second axis and decoupling quality from
the first axis

As shown in Fig. 7, the output trajectory of SIDF
model with controller consist of an overshoot of 3
degrees at the second turning of the graph. However, the
SIDF model with lead-lag compensator generated
smoother output trajectories with shorter response time
for both links. By referring to both figure, trajectories
responses from the lead lag controlled SIDF model has a
better tracking ability compared to the responses from the
PID controller. Overshoot of the output from SIDF
model are not significant compared to the outcomes from
the PID controller. Hence, the obtained result lead to a
conclusion that the newly generated model is more stable
with greater tracking capability and response time in the
non-linear two-link lower limb feedback system.

Comparison of SIDF model with lead-lag and PID oflink 1
T T T T T T T

— Desired Trajectory 1
————— Output Trajeclory with SIDF model and Controller
= Qutput Trajeclery with PID Controller

Trajectory {degrees)

-50
a

Time (seconds)

Figure 7. Comparison of SIDF model with lead-lag compensator and

PID controller and of link 1
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Comparlson of SIDF model with lead-lag compensator and PID controller of link 2
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Figure 8. Comparison of SIDF model with lead-lag compensator and
PID controller and of link 2

V. SUMMARY AND CONCLUSION

A control system of two-link lower limb robotics
orthosis has been developed using the sinusoidal-input
describing function approach. A SIDF model established
to represent the system. A closed-form solution of lead-
lag compensator is designed and validated. The trajectory
tracking capability of both SIDF lead-lag compensator
and PID controller are compared. The lead-lag
compensator performed better in position tracking and
decoupling for the unstable multivariable non-linear
system. The next phase of work would focus on the
experimental implementation of the controller based on
the SIDF approach.
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