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Abstract—In the past two decades, automotive
manufacturing has witnessed some advancements,
especially for vehicle handling and active safety systems
(ASSs). Progressively, more controllers have been designed
to deal with linear and non-linear systems. However, studies
and research on integral terms in linear quadratic
regulators are scarce. In this paper, linear controllers,
including the proportional integral derivative (PID) and
linear quadratic integral (LQI) using direct yaw control
(DYC), have been designed and compared. With the
interference of external disturbances and variation of the
friction coefficient, the result indicates that the LQI
controller produces a significant improvement in the vehicle
slalom manoeuvre system compared to the PID controller.

Index Terms—direct yaw moment, disturbance, linear
quadratic integral, slalom manoeuvre

I. INTRODUCTION

In the past two decades, there have been advancements
in technology in the automotive sector, especially in
vehicle handling and safety systems. For example, a
system called Advanced Driver Assistance has been
studied in [1], where the system warns the driver or a
steering intervention system takes control when the
vehicle is in a dangerous situation, using sensors or
image processing technology. In [2, 3], the Global
Positioning System was used to control the vehicle or
estimate the sideslip angle of the vehicle, whether for a
semi- or a fully autonomous vehicle. Active Safety
Systems (ASSs) are another type of system that has been
widely studied, where the vehicle is regulated using the
available sensors and is directly controlled during critical
situations using actuators [4].

ASSs, mostly called electronic stability control, have
several types of control to improve the handling of
vehicles, such as differential braking control (DBC),
sometimes called direct yaw control (DYC); steering
intervention (active steering/steer by wire); active anti-
roll bar and independent all-wheel-drive torque vectoring
distribution. In this research, the DYC method is
implemented because this system has been improved
since the inception of the anti-lock braking system (ABS)
and most car manufacturers have been widely using this
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method because of its cost-effectiveness, as reported in
[5].

In order to improve this method, many researchers
have proposed different control strategies for improving
vehicle systems during hard cornering or critical
situations. In general, control design can be divided into
two categories: linear and non-linear. For example, in [6],
a non-linear SMC method was proposed to achieve fault-
tolerant control in order to avoid the strong coupling
effect between individual control targets in an electric
vehicle. In [7], the authors proposed a second-order
sliding mode observer, finite-time control technique
(non-smooth controller) and non-linear disturbance
observer in order to suppress the lumped disturbance,
uncertainties and external disturbances. Another non-
linear control design is artificial intelligence. In [8], fuzzy
logic control (FLC) was presented to coordinate the
engine torque and active brake pressure for uneven low-
friction road conditions. The authors of [9] proposed an
integrated ABS with an electronic stability programme
based on the FLC method in order to verify the
robustness against a variety of road profiles and surfaces.
In advanced non-linear control design, the control
structure is added with another controller, hence called a
hybrid controller. For instance, the work done in [10],
where at upper level controller has PID control, FLC PID
control and FLC control to calculate the desired value of
yaw rate, traction force and torque input of four-wheel
motor. In another study [11], an FLC with an SMC was
proposed, where the SMC is used to design a discrete-
time model and the FLC is used to solve the boundary
layer width. As a result, the control design was improved
to the network-induced delay, which is robust against
model uncertainties, system parameter variations and
external disturbances.

In this paper, we focus on the linear control design
because, in the real world, most manufacturers are still
using a linear design because of its simplicity,
transparency, reliability and cost-effectiveness, as
reported in [12]. Some non-linear control designs are
complicated to implement, but they can yield the best
results to overcome model uncertainties, parameter
variations, external disturbances or control effort, as



International Journal of Mechanical Engineering and Robotics Research Vol. 8, No. 2, March 2019

discussed above. Therefore, the linear design remains to
be deeply studied in order to improve the robustness of
vehicle systems. In the linear control design, the most
widely used controller in industry is the proportional
integral derivative (PID) controller because of its ability
to achieve a large reduction in CPU utilisation with a
minor degradation of control performance, as mentioned
in [13]. Many researchers have proposed different control
designs. For example, in [14], an independent four-
wheel-drive vehicle using the DYC method was
implemented for torque distribution in order to prevent
wheel slip and loss of stability. The authors of [15]
utilised optimal control allocation for distributing the
active yaw moment in order to lower the workload of the
actuator. Another example is given in [16], where a pre-
control method was utilised by hierarchical pre-control
logic and integrated with DYC in order to improve the
control effect and reduce the control effort.

Another widely used linear design is the linear
quadratic regulator (LQR), which is based on the optimal
control theory. The advantages of this control technique
are that it can guarantee the stability of a certain
bandwidth and it possesses a number of desirable
constraints and satisfies a number of properties
demanded by the designer of the control system, as
mentioned in [17]. In [18], a hierarchical control strategy
was proposed by integrating a feedforward and feedback
control part to reduce the object of the stability yaw
moment in the upper controller. In [19], integrated
vehicle longitudinal and lateral stability was utilised to
improve the steerability and minimise the control effort,
based on the optimal control theory. In [20], an LQR
controller was utilised by the integrated control of DYC
and front steering angle for the efficacy of a wvehicle
system using Modelica software. However, linear designs
mostly have a drawback related to the robustness of
overcoming model uncertainties, parameter variations or
external disturbances. According to [21], by introducing
an integral term in the system parameters of the LQR, the
offset of the control system can be eliminated, making it
more robust in overcoming external disturbances, un-
modelled dynamics or measurement noises. However,
less study involves in LQI controller with interference of
external disturbance during critical manoeuvre in this
system. Thus, in this paper, a comparison of the linear
design between an LQI and a PID controller is proposed
in order to investigate the effectiveness toward SUV
parameters and external disturbances.

This paper is organised as follows. In Section II, a
vehicle dynamic model is presented. In Section IlI, the
controller design and structure are explained. The
computer simulation results using MATLAB/Simulink
are presented along with a discussion in Section IV. At
the end, our final remarks are given in Section V.

Il. VEHICLE DYNAMIC MODEL

The vehicle model shown in Fig. 1 is used to study and
simulate the behaviour of a vehicle’s motion during
various manoeuvres. In this study, a three-degree-of-
freedom (3-DOF) non-linear model is used to represent
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the dynamics of SUV handling. The non-linear vehicle
dynamics consist of the sideslip angle and the longitudinal,
lateral and yaw motion.
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Figure 1. Non-linear vehicle model.

The parameter of SUV is variant because of the
changes of tyre-road friction coefficient (x) and
manoeuvring. In this paper, the tyre-road friction
coefficient and steering angle are considered to be
independent uncertainty parameters. The equations of
longitudinal, lateral and yaw motions of a vehicle body
can be described as follows:

ma, =m(V, —rv, )
= (Fen + Far ) c0s(0¢ ) + Fypy oo (1)
ceet FXI’I’ _(Fyﬂ + Fyfr)SIn(é‘f )
ma, = m(V, +rv,)

yrr
IZI; =a<FXf| + Fxfr)sln(é‘f)‘{‘"'
wota(Fyg + Fyp )cos(Sp) =+, 3)
<ot b(Fyg + e )+ M,

where the longitudinal tyres’ forces are denoted as F,; for
the front left tyres, F for the front right tyres, F,, for the
rear left tyres and F,,, for the rear right tyres. The lateral
forces of the front left, front right, rear left and rear right
tyres are given by Fy, Fye, Fyn and Fy,, respectively. The
front wheel steer angle and vehicle velocity are
represented as input denoted by J; and v,. The yaw rate (r)
and sideslip angle (f) are output variables that need to be
controlled. The distances from the front and the rear to
the centre of gravity (CG) are referred as the a and b
parameters. The vehicle’s width track, yaw moment and
lateral velocity are denoted as d, M, and vy, respectively.
Other parameters that must be taken into account are
vehicle mass (m), moment of inertia (a) and cornering
stiffness (1) at the front and rear (C; and C,).

Using the two-track model as a reference, the variable
yaw rate (r) from Eq. (3) can be expressed as follows:
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whereas the variable of sideslip (8) can be obtained as
follows:

cos f(cosd; (Fyy + Fygp )+

. —-sind; (F Fo))—:
ﬂ:i _S'n f_( vit + Fyir)) i )
sin S(sind; (Fyq + Fygp )+

The tires tend to turn at the z-axis when the yaw
moment is bigger than zero. The yaw rate (r) and sideslip
() can be determined by lateral acceleration (a,) in
forward speed (v) as follows:

a, =V, +1v, =v(r+4). (6)

The slip angle or sideslip angle is the angle between
the actual travel of the wheel’s rolling direction and the
direction where the wheel is pointing. In order to define
the sideslip angle at the front and rear tyres, the following
equations are used:

a, =6 -1 )
X
o
a =YY )
X
Fw‘
h

u

Figure 2. Bicycle model.

The 2-DOF or bicycle model shown in Fig. 2 is used to
build the equation of the desired model because it has the
simplest form of planar motion and it can be only used to
analyse the lateral and yaw motions. In the bicycle model
form, there are certain assumptions and parameters that
need to be neglected, such as the fixed/constant forward
speed, tyre forces operating in the linear region, two front
wheels having the same steering angle, the CG not being
shifted during the change of the vehicle mass, small angle
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approximation, self-alignment torque wheel being
negligible, two wheels at the front and rear being
combined to become one single unit and the width track
being ignored. The configuration of the SUV consists of
a front wheel drive with negligible wheel dynamics.
Therefore, the lateral and yaw motions for the bicycle
model can be described as follows:

mv(ﬁ'+r):(Fyf +Fy) -1, ©)
(10)

The bicycle model is indicated as having a linear
characteristic. Therefore, using Eqgs. (6) and (7), the
cornering stiffness for the front and rear tyres can be
obtained by the following equations:

1,F =a(Fy; ~b)F,,.

Fyf =Cfaf, (11)

(12)

Using the linear state space model, the differential
equation of variable yaw rate and sideslip can be
obtained by rearranging and simplifying Egs. (7)-(12) as
follows:

Fr =Crar.

X = AX+ Bu,
{B}:{an a12}|::8:|+|:b11 b12:|u (13)
r Ay axp | r By by
where
C;a—Cb C +C,
A = , 9y = ,
mv, mv,,
C;a’ -C,b? C,b-C;a
a. - ’ a = ’
1 v 22 ,
By = 0
1=y b, =0,
C:a 1
by, = ; by, =

7z

The sideslip angle g(s) and yaw rate r(s) can be
expressed by implementing the Laplace transform into
the state space equation as follows [25]:

[(bus — by b+ j

+ay,051)0 + (a,05, )M

Bls)= , 14
© (s—ayy)(s—ay)—appay (14)
{(aﬂ.bll +0y15 +ayyby ) 8¢ (5) +-- J
r(S): _(alleZ_bZZS)M(S) (15)

(s—ayq)(s—ax)—apay

The design of feedforward compensation in the vehicle
model minimises or makes the vehicle’s sideslip angle
become zero. Therefore, the relationship between the two
control inputs, direct yaw moment M(s) and front
steering angle d¢(s), is assumed as follows:
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M(s) = Py .5¢ (), (16)

where Py is the proportional feedforward gain.
By solving Egs. (14) and (15), the result of the
feedforward gain can be obtained as follows:

A, —b,,.a,
Pff — b.l.l 22 b 21-“12 ) (17)
81505

The transfer function of the yaw rate with respect to
the front steering angle can be obtained by substituting
Egs. (17) and (16) into Eq. (15) as follows:

(bu.azz.s+-~- j
/(s)= “e+ (0 ayp.8p —y1.801.89)) 5,0(s). (18)

s? —(a, +ap,)5+-
ap

o898 — 8.8y

The desired vehicle model or bicycle model (2-DOF)
is used as a reference of the yaw rate and can be

modelled on the first-order delay system. By setting /3
and y equal to zero and solving y in Eqg. (13), the
expression is obtained as follows:

0
Xd{ﬂ"} ey |5t (19)

e 7,5+1

Tr is the

where 7559 is the steady-state yaw rate gain and
delay time constant.
As for the sideslip angle, the desired model is designed to
have a zero value at steady state because the tyre
becomes skidded when the angle of sideslip gets bigger.

By comparing Egs. (19) and (18), the steady state of
the yaw rate gain can be obtained as follows:

_ by (385 —anp35) (20)
Vssg = :
5 (84q-8 —3yp-3p)

Then, the desired vehicle model can be expressed as in
the following expression:

I1l. CONTROLLER DESIGN

The tyre-road coefficient, external disturbance and
steering angle can affect the handling and stability of the
vehicle during critical manoeuvres. Thus, this will make
the yaw rate and sideslip angle of the vehicle become
unstable. As discussed in Section I, the DYC technique is
used in this research for the control of the yaw rate and
sideslip angle in order to stabilise and maintain the
vehicle in a proper response during critical dynamic
behaviours. The objective of the control system is to
make the actual vehicle model follow the desired vehicle
model by calculating the value of the yaw rate (y) and
follow the desired value of the yaw rate (y4). The purpose
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of controlling the sideslip angle is to prevent the vehicle
from slipping or the wheel is uncontrolled from the
pointed direction of the wheel by limit the sideslip angle
(B). By regulating the slip ratio of the wheel between the
differences of the left and right tyre longitudinal forces,
the yaw moment can be generated to stabilise the vehicle
using the DY C control technique.

The state equation [Eq. (13)] needs to be transformed
in order to design the feedback controller as shown in the
expression below:

,3 _ ay ap || B e b1
M 2R e

where

& =- ' €& = ,

mv,
b =0, b, =
IZZ

Therefore, the new state equation is

X =AX+BM +E.S; . (23)

By assuming the difference between the ideal model
and the actual model as an error (€) and by differentiating
this error in Eq. (24), the expression becomes as shown
in Eq. (25).

e=X-Xg, (24)
é=X-X,. (25)

Equations (21) and (23) are substituted into Eq. (25),
yielding Eq. (26). By simplifying Eq. (26), we obtain Eq.
(27).

e=AX —AXy+AXy—

; (26)

é=Ae+BM+(A—A) Xy +(E—Ey)S. (7)

The third part, (A — Aq) Xy, and fourth part, (E — Eg) oy,
in Eq. (29) can been treated as a disturbance (W) by front
wheel steering, and the final equation becomes

é=Ae+BM+W. (28)

A. Design of the Linear Quadratic Integral (LQI)

The optimal control theory is one of the methods for
improving any given system of control law. Based on this
control theory, the system can achieve optimal criteria as
desired. The LQI controller is a variation of the LQR
controller, where the control law stems from solving the
Riccati function in the LQR framework with added
integral regulation of the output variable. In order to
design the linear quadratic integrator, first, Eq. (28) is
differentiated, yielding the following equation:
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E=Aé+BM+W. (29)

Then, the equation is expanded to Eg. (30) and
simplified to Eq. (31) as follows:

%EH/? gﬁm“ﬂz (30)

X, =A.X,+B.M+Z, (31)
where
ﬁ_lgd mvxz va
77 C.l.2 Cil +Cl
= d A flf fle 9 ol
B =Py 1,,V, I,
Y =Vd 1 1 00
! 1 0 0]
0
1
Br= Iz
0
0

The disturbance of Z in Eq. (31) will be equal to zero.
Based on the optimal control theory, the new state
feedback will be

M = — G B=4)+Gipp. (7 =74 ) +--- o)

+Gpg(B=Ba)+Cpa-(r—74) |

where Gy, is the feedback gain that is used to minimise the
quadratic cost function (J) as in the following equation:

J =°J0(er Q.X, +MT RM)dt. (33)
0

Then, the total yaw moment can be summed up as follows:

M, =M(S)M . (34)

For fast convergence of the error, the value of Q should be
bigger than that of R.

B. Design of the PID

The PID controller is one of the feedback mechanism
controllers, which involves three-term or parameter
control, that is, proportional (K), integral (K;) and
derivative (Ky). Each parameter of the PID needs to be
tuned in order to make the system fully optimised, as
desired by the designer. For example, by controlling the
proportional controller (Ky) gain, the rise time (T,) and
steady-state error (SSE) will decrease, but the percentage
of overshoot (Os) will increase, same as the integral
controller (K;) where the rise time will decrease and the
SSE of the system is eliminated, but the backlash will
increase the percentage of O and affect the settling time

© 2019 Int. J. Mech. Eng. Rob. Res

(Ts). In order to overcome the overshoot and stabilise
another parameter, the derivative gain (Ky) is introduced.
The derivative gain can decrease T and O, of the system,
but it has a small effect on T, and SSE.

(i) PID controller of the yaw rate:

& =Vn—V (35)

E

AM =K e, (t) + K{" +---

t d [eyn (t)] (36)
---+(I)e7n(t)dt+ K" —
(ii) PID controller of the sideslip angle:
€ = ﬂn -B (37)

AM 5 =K, () + K"+

t d t (38)
ot [eg, ()t + Kf”%
0

The tuning method is important for obtaining the
desired result. There are various types of tuning methods
that can be used, such as manual tuning, Ziegler—Nichols
method, Tyreus—Luyben method and Cohen-Coon
method. In this research, the auto-tuning method is
applied using a toolbox in MATLAB/Simulink, since this
method can reduce the time consumption, is easy to
implement and can ensure the best operation control
scheme in determining the set of controller’s gains.

Steering Vehicle
Angle Velocity
| |
|
v v
> Feed Vehicle
»| Forward > System
) v 5
Disturbance
Controller
* \
v VY
Reference h
Model ;®4

Figure 3. Block diagram of the vehicle system.

IV. ANALYSIS AND RESULT

In order to study and evaluate the performance of the
controller, a computer simulation using
MATLAB/Simulink was carried out. Fig. 3 shows the
overall block model diagram of the vehicle system, and
the slalom performance test is carried out to evaluate the
controller. Table | lists the parameters of the vehicle taken
from [22].
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TABLE |. PARAMETERS OF THE SUV.

Symbol Parameter (unit) Value
m Mass (kg) 1,592
Ci Front cornering stiffness (N/rad) —68,420
Cr Rear cornering stiffness (N/rad) —68,420
H CG height (m) 0.72
I, Yaw inertia (kg m?) 2,488
ls Distance from CG to front axle (m) 1.18
Ir Distance from CG to rear axle (m) 1.77
v Vehicle speed/velocity (km/h) 100

The slalom test performance is often used to evaluate
the vehicle’s stability, which can reflect the ability and
handling of the vehicle system during large angle
cornering motions [23]. Manoeuvres are conducted under
two different conditions: a dry road with a road friction
coefficient of 1.0pn and a wet road with a road friction
coefficient of 0.5u. In order to make the controller reach
the maximum capability and better performance analysis
on each controller, the vehicle system is injected with a
crosswind disturbance starting at 4 s and ending at 7, as
shown in [24], and the test is started with a normal speed
of 100 km/h. The root mean square error (RMSE) method
is employed to compare and verify the performance
analysis on each controller because of the difficulty of
observing the slalom test manoeuvre.

Yaw rate [rad/s]

Time [sec]

Figure 4. Yaw rate performance on a dry road.

1 T T T T T
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15+ ofr 7 v 4 05 o 1YV o N
0.5 T Atuyd S
2 1 v 150" ~q
4 4.2 7 7.5

Time [sec]

Figure 5. Yaw rate performance on a wet road.

In Fig. 4, the result for the yaw rate on a dry road
shows that both controllers are capable of tracking the
reference for slalom manoeuvres until it reaches 4s,
where the external disturbance is injected into the system,
ending at 7s. During this period, the PID controller
cannot track the reference, and a larger error is obtained
until the end of the test. As compared to the LQI
controller, the tracking performance is obviously better
and the external disturbance is overcome until the end of
the test. Fig. 5 shows the result of the yaw rate on a wet
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road, where, obviously, the PID controller cannot
overcome the external disturbance and has a larger error
that can cause the vehicle to lose stability. The LQI
controller still can overcome the external disturbance
much better than the PID controller does, and it has a
better tracking performance until the end of the test.

TABLE Il. COMPARISON PERFORMANCE RMSE FOR YAW RATE.

Yaw rate PID LQI
Dry road (1.0p) 2.428224 0.155500
Wet road (0.5p) 12.02630 0.258184

Table Il shows a comparison of the RMSE between the
PID and the LQI controllers, where, under dry road
conditions, the LQI has a lower RMSE compared to the
PID controller. Under wet road conditions, obviously, the
PID controller loses controllability because of the larger
RMSE, making the vehicle unstable. The RMSE of the
LQI controller increases by about 60%, but it can still be
considered as controllable because the vehicle does not
lose controllability until the end of the test.

0.05

0

-0.05 [~

Sideslip Angle [rad]
: =3

Time [sec]

Figure 6. Sideslip angle performance on a dry road.
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- = PID .
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T
.
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Figure 7. Sideslip angle performance on a wet road.

Figs. 6 and 7 show the results of the sideslip angle on
dry and wet roads for both controllers. A comparison of
RMSE for both simulations is shown in Table Ill. The
acceptable limit for the sideslip angle is 10=or 0.175 rad;
if it exceeds the limit, the tires will skid and make the
vehicle lose controllability if it is not recovered as fast as
possible. In Fig. 6, the PID controller tries to restrain the
vehicle sideslip angle value at zero; however, when it
reaches the external disturbance period, the vehicle loses
stability and cannot recover after that period. Obviously,
the vehicle system is worse under the wet road conditions,
as shown in Fig. 7.

TABLE I1l. COMPARISON PERFORMANCE RMSE FOR SIDESLIP ANGLE

Sideslip angle PID LQI
Dry road (1.0y) 2.421788 0.155124
Wet road (0.511) 11.91163 0.256117
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As for the LQI controller, the vehicle system is still
capable of restraining the sideslip angle, even at a low
coefficient of friction, as shown in Fig. 7. The increment
of RMSE percentage for the LQI controller between the
dry road and the wet road is 60.5%, as shown in Table III,
but it is still considered as controllable. In others word,
the LQI controller is robust against crosswind external.

V. CONCLUSION

In this paper, a linear control design for SUVs was
proposed and a validation method for DBC using
MATLAB/Simulink simulation was presented. The PID
and LQI controllers were tested in slalom test
manoeuvres, and both controllers were found to be
capable of overcoming the manoeuvre. However, the
friction coefficient of the road affects the stability and
handling of the SUV. Crosswind disturbances make the
vehicle system become much worse, and this makes the
controller reach the maximum capacity. As a result, the
PID controller cannot overcome the lower friction
coefficient with external disturbance injected into the
system and loses its controllability. However, the LQI
controller is still capable of enduring the test until the end
with a lower RMSE and is robust against external
disturbances.
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