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DETERMINATION OF CRACK PROPAGATION
DIRECTION USING IP THEORY

Ashish K G Saran! and V G Ukadgaonker?

Classical design assumes homogeneous, defect free material. But all materials inherently contain
some defects such as a hole, a notch, a slot, slag inclusions, cracks in weldment or heat
affected zones due to uneven cooling, presence of foreign particles etc. So the assumption of
continuum is not valid and the effect of these discontinuities (Parker AP, 1981) is to be considered.
A crack may initiate and grow during the use of the component which after reaching a critical
crack length leads to the failure of the component. Thus the problem of crack initiation and
extension in the elasto-plastic region is important. Several theories have been proposed to
describe the manner in which a crack will propagate in mixed mode condition such as Griffith’s
theory, Irwin’s theory, MTS criterion, G-criterion, S-criterion, T-criterion, R-criterion etc. Adding
to these a new theory of crack initiation, called Ip theory (Theocaris and Andriopoulos, 1982),
was proposed by Ukadgaonker and Awasare. In this report an attempt has been made for the
stress analysis during crack extension initiation using ‘I theory of crack initiation” with basic
objective of determination of angular location of crack extension initiation.
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INTRODUCTION -

—ZV
The total strain energy density is splitintwo U, =( 6E j(% +0,)’ ..(1)
components, namely, dilatational strain energy
density (Papadopoulos, 1987) U and l+v , .
distortional strain energy density U_. In two Up =(3—EJ[(% +0,) —3(%0},- —Txy)] (2)

dimensional elastic problems these

components are expressed as: And, or plane strain,
For plane stress 2
! (1-2v)(1+V) ,
expressed as: U, = 6—E(GX +0,) -(3)

For plane stress,
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(1 V)

[(v?

—3(o;ay ~7.,]

—v+1)(o, + ay)2

(4)

Thus for plane stress,

a- 2v) B _(1-2v)
U,= [ -21,] a1v) Up ..(5)
And for plane strain,
3 (1-2v)1+v)? [[12_2[2]

Y2E(1+2v-2v?)
C(1-2v)(1+v)
(1+2v—2v?)

..(6)

D

The square bracketed termin Equations (5)
and (6) is defined as Ipwhich canbe putin the
form of an equation as follows:

I,=1-2I, .(7)

Along the boundary of the elasto-plastic
region U, reaches its maximum value U

Thus,

Dmax”

_(-2v),

v -y
2E

U D,
(I+v)

P

max

for plane stress.
And,

L (1=2v)(1+v)
Y2E(1+2v-2v?) 7
(1-2v)(1+v)
C(+2v-2v7)

D,

max

for plane strain.

Equations (8) and (9) show that the
dilatational strain energy density, U , along the

boundary of the elasto-plastic boundary
depends on the distortional strain energy
density, U, and the term Ip. Thus for constant
value of U, __, i.e. along the elasto-plastic
boundary, U reaches the maximum value
when Ip becomes maximum. The maximum
value of | _gives the maximum value of U and
the crack propagation takes place along that
direction. Thus we get the direction of crack
propagation given by the following conditions,

i, dzl
a0

..(10)

Equation (10) describes this new criterion.

Problem Statement

We have to find the direction of crack
extension initiation for a system of two
arbitrarily oriented cracks of different lengths
subjected to uniform uniaxial tension at infinite
(Ukadgaonker and Naik, 1991).

Figure 1: A Pair of Two Arbitrarily
Oriented Cracks Subjected
to Uniaxial Tension in an Isotropic
Homogeneous Plate
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Problem Formulation

The singular stress field in front of the crack
tip for mixed mode condition is given by the
following expressions:

K, .
o cos(6@/2)—1/2sinBcos(36/2
. \/ﬁ[ (©/2) ( )

— 1{2sin(6/2)+sin O cos(30/2)} ]

.(11a)

or,
. _K10
* 2rr
o, = K [cos(0/2)+1/2sinO cos(30/2)
N2 (1)
—(u/2)sinBcos(30/2)]
or,
_K,£,0)
g 2rr
And
T = K, [1/2sinB@cos(36/2)+ u(cos(0/2)
T N2 (110
_1/2sinBsin(30/2))]
or,
_K,£,©)
¥ 2rr

Here (r, 0) are polar coordinates around the
crack tip and,

Ky

K[

where K and K, are stress intensity factors in
Mode | and Mode Il respectively.

Substituting Equation (11) in term
[p :[[12 —21,]

of Equations (7) or (8) we get,

1
= (CnKlz +C22K112 +CIZK1KII)
2xr

1

P

(12)

where,
¢, =1/2(3+2cosf —cos’ )
¢,, =1/2(3—2cos 6 +3cos” 0)
¢, =2sinf(cosd—-1)

Now the problem reduces to the finding of
K and K,

K, and K, are given by the equations,
Fortip A,

,JzﬁM—B
a 4 B;

K = —0.c08(60,,0 —26,,)

BIOB7

3
5

C08(Opg, + 05, — Oy, —30,5)

4

2B,.B

+ﬁ cos(0y,, + 0, —20,, —46,.)
2B..B

+$ COS(Op1) + Ogg — Opy —40,5)

475

—2cos2a +§cos2(,8—935)

5

B,
- 211 C05(9311 _2938)
8
B,
- 211 C05(9311 _2939)
9
B,

cos(26,, +0,,, —20,,)

2
5

+—2§3‘° c08(20,, + 04,0 —30,5)]

5

..(13)
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b_B
K,,—\/7p [—2 >sin(6y,, —
a 4 2

20,,)

BB
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4Ds
2B,,B
_#SIH(QBIO + 836 834 _4835)
4Ds
2B,,B
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9
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s
..(14
310 Bl B10 _3635 )] ( )
s
For tip B,
7w pb B
K, = \/;T 2_B_§COS(QBQ -26,,)
%005(0310 + 057 =30y, = O;5)
4Ds
+ 281086 cos(0y,, + 6O, —40,, —20,.)
N 5
2B,,B
+%COS(€BW + 04 —40,, —045) —

45

2
—2cos2a +?cos 2(-6,,)

4

2B
——Lcos(6y,, —26,,;)

13
——Lcos(6,,, —26,,,)

12

21 Bl B10 _2634)
4
...(15)
31 Bl B10 _3634)]
4
b B
K, = \/7 d [_ sin(G,y —26,,)
a B,
+%Sin(gglo + 05, =305, — Ops)
4Ds
_2B,,B
10 5in(0,,, + Oy —40,, —20,5)
N 5
2B,,B
ﬁsm(@ﬂo + 055 —40;, — Oys)
) 2 .
+2sin 20 ——sin2(B - 0,,)
B,
Bl1 _29313)
13
+ 23211 sin(8y,, —26;,,)
12
+2L205in(2631 +0p19 —20;,)
B,
...(16
_@Sin(zgm + 0310 —305,)] (1)
4
For tip C,
Aq
K, = \/; n (2 +A—3cos(9/18 20,5)
7A8 cos(8,; +0,5 —36,,—0,5)
L4
A;::x co8(0,5 +0 5 —40,, —20,;)
6AX ——co8(0,5+0,,-40,,—0,5)

4 5
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6A8 — - cos(0,+0,5—0,,—40,;)
4
2
- Azlg cos(6,0 —26,,5)

13

2
+?cos 2(a+6,)—2cos2p

5

__QCOS(HA‘) _29/112)
12
+ 2118 cos(20,,+6,,—26,)
5
2 ...(19
_ZA}COSQQH + QAS _3€A5 )] ( )
a
K, :\/;Z [_%SIH(HAS 20,,)
44y sin(0,; +0,5—0,, —30,5)
A5 A,
+ 6A* =sin(@,, +0 5 —26,,—40,;)
4
2 . )
+—sin2(a +6,5)—2sin2f3
A;
6A8 sin(@,,+0 ,,—6,,—46,.)
5 4
24, .
+—-sin(6,, —26,,,)
12
24, .
+ Azlg sin(6,, —26,,;)
13
24, .
—IAZE*sm@HA1 +0,-20,)
...(20
+ 21%8 sin(20,, +6 s —30 ,5)] (20)

5

223



Int. J. Mech. Eng. & Rob. Res. 2014

Ashish K G Saran and V G Ukadgaonker, 2014

Table 1: Direction of Crack Propagation at Various Crack Tips

Orientation of First Crack,

Orientation of the
Line Connecting the
Centers of the

Direction of Crack Propagation (degree)

Two Cracks,
o(degree) o(degree) ©,(degree) FortipA FortipB FortipC FortipD
30 -30 0 65 85 60 81
30 -30 15 60 88 69 80

Various parameters used in the Equations
(13)to (20) are described in Annexure 1. Once
we have K and K around a crack tip we can
find Ip using Equation (12). In this equation ‘r’
will have to be replaced by r’ as we are
interested in the value of Ip along the boundary
of the elasto-plastic zone (Palaniswamy and
Knauss, 1972) around the crack tip.

RESULTS

The directions of crack propagation are
determined for two sets of values of parameters.
The values are givenin the Table 1.

CONCLUSION

As given above the directions of crack
propagation are determined. The results
conform to various analytical and experimental
solutions for the same problem.
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ANNEXURE 1

1
4 :l[zo2 +d” +2z,a cos(6, -6,
a

z,sin6, +a sin0,

6, = tan "~ ( ~
z,c0860, +a cosd,

1
ad=(z}+a*+2z2a° cos20,)*

2 .
z,sin20,

ﬁ
z,c0820 —a

)

a

2] :ltanfl(
2

1
B =8 42 coxt0,- 01
0 = tan-\(Ze sin@ +b sind,
Bl —

z,co86, +b cosb,
1

b =(z}+b*-22b" cos26,)*

L, z.sin26,

1
0, =—tan ' (———0—
b (zf 005290—172)

4, =\/1+A12 +24,cosb,,

0., =tan"'| —ASN00
42 1+ 4, cosb,

A, = \/1+A12 —24,cosf,,

0, =tan" | A5
43 1-4 cosb,,

A, = \/1+A12 +24,cosb,,

0. —tan"! _—Asinb,,
A4 1+ 4, cosb,,

A = \/1+A12 —24,cos0,,

0. =tan"| SOy
45 1-4 cosb,,

A, = \/1+ At +2A47 cos20,,

0, =tan”'
46 (I—Af cos 20,

A, = \/9+ A"+ 647 cos26,

0. —tan-'| —Asin20,
A7 3+ 47 cos20,

4, =5 dcos2a

6 —tan ( 25in2f —sin 2(a + f) j
2cos2 —cos2(a+ )

4=\ Zcos2a

6, =tan”’ (ﬂj
49 1-cos2a

A, :\/1+Aj +2A4,cos(a+p-0,,)

A4,sin6,, +sin(a + f)
A, cos0,, +cos(a+p)

9A10 =tan' (

A4, = \/1+A42 —24,cos(x+p-06,,)

6, =tan 4,sin0,, —sin(a + f)
Al A4, cos8,, —cos(a + f)

A, =1+ 42 +24, cos(a+ f-0,;)
0,,= tan1£ 4;sin6,; +sin(a + f) j

Az A cos B, +cos(a + )
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ANNEXURE 1 (CONT.)

Ay =1+ 42 =24, cos(a + f—6.;)
A, sin6  —sin(a + S)

0,,=tan"’
Ascos8 s —cos(a+ f)

B, = \/l + B} +2B, cos 6,

—B, sin O, j

0,, = tan”' (
1-B, cosb,,

B, = \/1+Bf +2B, cosb,,

0. —tan”! B, sin6,,
# 1+ B, cos b,

B, = \/l + B} +2B, cos 6,

—B, sin G, j

0,, =tan"'
o (I+B1 cos 0,

B, = \/l + B} —2B, cos by,

0. —tan”! B, sin 8,
. 1-B, cosb,,

B, = \/1+Bl4 +2B’ cos 20,

—Bsin20,, j

0, =tan"'
pe (HBI2 c0s20,,

|

B, = \/9+Bl4 +6B’ c0s20,,

—B/!sin20,, j

0,, =tan"'
o (3+Bl2 c0s26,,

B, :\/1+BS2 +6B; cos(a + B +6,,)

0. —tan" B,sin8,, —sin(a + )
o B, cos8,, +cos(a + f)

B, = \/1+Bsz —2B,cos(a + [ +6,)

0 —tan B, sin8,, +sin(a + f)
5 B, cos8,, —cos(a + f)

B, =+/5—4cos2p

0 = tan” 2sin2a —sin 2(a + )
Blo 2cos2a —cos2(a+ )

B, =+2-2co0s2p

0,,, =tan™' _sm2f
cos2f -1
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