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Abstract—It is well known that conventional linear spring 

directly jointed with a rotating link cannot ensure a 

complete gravity balancing. In this case, the application of 

zero length springs is suggested. The zero length spring 

corresponds to a spring with special coils ensuring zero 

elastic force for zero length of the spring. This type of spring 

is often used in theoretical solutions or in academic studies 

but rarely in real robotic structures. The use of traditional 

linear springs leads to inclusion of the auxiliary mechanism. 

The associated mechanisms are different and each of them 

requires its study and improvement. The applied methods 

for their study are various. They depend on the structure of 

the auxiliary mechanism and locations of balancing forces. 

This paper deals with design and synthesis of the gravity 

compensator including an auxiliary two-link dyad added to 

the rotating link. The balancing spring is installed vertically 

at the base. The choice of a vertical installation is due not 

only to constructive practicality but also to the fact that the 

mass of the spring system does not affect the balancing 

conditions of the rotating link. The aim of the study is to 

propose an analytically tractable solution permitting to 

synthesize such link lengths of the additional dyad that will 

provide a more optimal generation of the balancing moment. 

The efficiency of the suggested mechanism design is 

illustrated via numerical simulations. It is shown that by 

using a non-zero length spring a quasi-perfect balancing has 

been achieved.  

Keywords—gravity compensation, static balancing, 

mechanism synthesis, non-zero length spring, input torque 

cancellation 

I. INTRODUCTION

A mechanism is statically balanced if its potential 

energy is constant for all possible configurations. It 

means that zero actuator forces are required when the 

mechanism is in slow motion, i.e., a motion for which the 

forces of gravity are much greater than the forces of 

inertia. The static balancing of rotating links, which are 

often elements of serial or parallel manipulators, is well 

known. Different approaches and solutions devoted to 

this problem have been developed and documented [1–3]. 

The nature of the compensation force used for balancing 

of rotation links may be various: 
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• the gravitational force of a counterweight

arranged on the opposite side of the rotating link

[4–7] or via an auxiliary linkage [8–10];

• the elastic force of a spring, jointed directly with

links [11–27] or via an auxiliary mechanism,

which can be a cable and pulley arrangement

[28–33], a linkage [34–39], a cam mechanism

[40–43] or a gear train [44–49];

• the active force developed by a pneumatic or

hydronic cylinder [50–56].

The literature review shows that the use of 

counterweights is a simple and not expensive solution. 

However, it leads to an increase in the overall dimensions 

of manipulators, as well as to a substantial increase in 

inertia of links. Increasing the inertia of links is 

undesirable because this creates additional dynamic loads 

on the actuators that are not taken into account in static 

balancing, i.e., in balancing of gravitational forces. 

Balancing by means of springs is more optimal from the 

point of view of the simple design and the low inertia of 

links. However, it is known that a conventional linear 

spring directly joined with a rotating link cannot fully 

balance its gravitational forces. This requires the use 

special springs called “zero free length springs” [57]. 

These springs are often applied in theoretical solutions, 

but they are very rare in real robotic structures. The use 

of conventional linear springs leads to application of 

auxiliary mechanical systems mentioned above. The use 

of a cable and pulley arrangement is relatively easy to 

study. However, its practical implementation reveals a 

number of inconveniences, which are not obvious at first 

sight. For example, the arrangement of the spring with 

respect to the rotating link. The condition of maximum 

elongation of the spring that should be not more than 

25% of its initial length leads to the design concept, in 

which the spring must often be installed along the 

rotating arm and the number of pulleys should be at least 

two. Considering the diameter of the cable with 

protection, the diameter of the pulley turns out to be 

relatively large, which leads to a perturbation of the 

theoretical conditions of the balancing. Furthermore, the 

frictional forces between the pulley and the cable are also 

not low. All these factors lead to an unbalanced moment 

of more than 10–15% of the moment of gravitational 

forces. In design concepts with auxiliary linkages, it is 
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mainly neglected the weight of springs, which can 

significantly affect the balancing conditions [58]. 

Furthermore, the balancing solutions are often considered 

by simplified schemes, in which the constructive features 

are not taken into account, such as the spring guide with 

variable length, the protective cylinder around of the 

spring, etc. In other words, the kinematic scheme turns 

out to be simple and accessible. However, our 

observations show that in practice, it remains complicated 

with various additional restrictions. 

It is obvious that the adding of an auxiliary linkage to a 

rotating link increases the number of free parameters, 

which can be used for optimization of the gravity 

balancing. However, the problem is not whether this is 

feasible, but the problem is how to do it more effectively 

and the approaches for solving it can be various. It is 

understandable that the use of numerical calculation 

methods will lead to the minimization or cancellation of 

the unbalanced moment due to gravitational forces. 

However, it is more attractive to find an analytically 

tractable solution that can be easily applied. 

In this study, the goal is to propose a synthesis 

approach to design a gravity compensator a non-zero 

length spring installed vertically at the base. The 

structural solution is carried out by adding a two-link 

rigid body prismatic-revolute dyad. The choice of a 

vertical installation is due not only to constructive 

practicality but also to the fact that the mass of the spring 

does not affect the balancing conditions of the rotating 

link. 

 
Figure 1.  Design of the gravity compensator with a non-zero length 

spring. 

In the proposed mechanism, shown in Fig. 1, the axis 

B moving by the rotation link 2 through the rod 3, 

controls the elastic force of the spring 5 mounted between 

the slider 4 and the frame 1. The aim of the study is to 

synthesize such link lengths of the additional dyad that 

will provide a more optimal generation of the balancing 

moment. For this purpose, two solutions are considered: 

an analytically tractable solution and a solution based on 

the optimization algorithm. 

At first glance, for someone who does not have enough 

experience in the design of balancing mechanisms, there 

are not too many differences between the proposed 

compensator and the inverted slider crank mechanism 

(see Figure 8 in [57]). However, these are two different 

mechanical structures. Indeed, the inverted slider crank 

mechanism with a non-zero length spring can fully 

balance a rotating link. Nevertheless, in the inverted 

slider crank mechanism, the balancing spring is mounted 

on the moving link. The novelty of this research lies in 

the fact that a new balancing scheme is proposed. In the 

proposed balancing scheme, the spring is installed 

vertically on the frame. Such structural solutions are 

proposed for the first time and have not been discussed in 

previous works. It has advantages since the weight of the 

spring does not affect the balancing conditions. Another 

new aspect of this study is that an analytical solution is 

proposed. By using the geometric synthesis of a crank-

slider mechanism formed by addition of an articulated 

dyad to the rotating link to be balanced, the gravity 

compensation conditions are achieved.  

II. GRAVITY BLANCING BY MEANS OF NON-ZERO LENGTH 

SPRINGS-CONSERVATION OF POTENTIAL ENERGY 

It is known that for an equilibrium system, the total 

potential energy needs to be conserved. Hence, let us first 

analyze the potential energies in the proposed system. 

The potential energy of the gravity of the rotating link 

2 can be expressed as: 

 (1 cos )GP Gs = +  (1) 

where, G is the gravitational force of the rotating link 2; 

 is the rotating angle of the link 2 and 
OSs l=  is the 

distance between the center of mass of the link 2 and its 

center of rotation.  

The potential energy of the spring is: 

 21

2
spP k y=   (2) 

where, y  is the deformation of the spring and k is its 

stiffness coefficient. 

The whole potential energy of the system is: 

 G spP P P= +   (3) 

As it was mentioned in the previous section, the 

system will be balanced if: 

 0
dP

d
=  (4) 

This means, for all the configurations of the system, 

the whole potential energy will remain as a constant. 

Hence for a C=const, we can have: 

 21
(1 cos )

2
Gs k y C+ +  =  (5) 

and for a given C determine 

 
2 2 (1 cos )C Gs

y
k

− +
 =   (6) 

and 

 0y y l=  +            (7) 

where l0 is its initial length of the spring. 
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Thus, by imposing C and ( 1,..., )i i n = , where n is the 

number of given positions of the rotating link, the 

displacements
iy with respect to each input angle 

i  can 

be determined. 

III. SYNTHESIS OF THE BALANCING MECHANISM FOR 

PRESCRIBED POSITIONS OF THE ROTATING LINK 

For the balancing mechanism showed in Fig. 1, there 

are three main parameters r, l and β, where, 
OAr l=  is the 

distance between the centers of joints O and A; y is the 

position of the axis B with respect to O; 
ABl l=  is the 

length of the rod 3; β is the angle between the axes 

created by the line passing through the centers O and A, 

and the line passing through the centers O and S. In this 

section, with the prescribed positions, geometric 

synthesis is used to determine the parameters r, l, and β. 

For the mechanism OAB, we have 

 
2 2 2 2( cos( )) sin( )i i iy r r l   − − + − =  (8) 

or 

 
2 2 22 cos( )i i iy y r r l − − + =  (9) 

Eq. (9) can be rewritten as: 

 
2 2 22 (cos cos sin sin )i i i iy y r l r   − + = −  (10) 

or 

 
2 2 22 cos cos 2 sin sini i i i iy y r y r l r   − − = −  (11) 

Let’s introduce new unknowns, which will allow one 

to transform the non-linear system of Eq. (11) to a linear 

system of equations:  

 1 cosz r =   (12) 

 2 sinz r =  (13) 

 
2 2

3z l r= −  (14) 

Now, the obtained linear system of equations is the 

following: 

 
2

1 2 32 cos 2 sin 0i i i i iy y z y z z − − − =  (15) 

or 

 1 2 3i i ia z b z z c+ + =  (16) 

where, 2 cosi i ia y = , 2 sini i ib y =  and 2

i ic y= .  

Thus, the unknowns r, l, and β can be determined by: 

 
2

1

arctan
z

z


 
=  

 
 (17) 

 
2 1

sin cos

z z
r

 
= =    (18) 

 2

3l z r= +   (19) 

IV.  DEISGN PARAMETER OPTIMIZATION OF THE 

BALANCING MECHANISM 

The moment produced by the gravity of the rotating 

link 2 is: 

 sinGM Gs = −   (20) 

From OAB triangle can be written: 

 
2 2 2 2 cos( )r y l ry  + − = −  (21) 

Rearranging Eq. (21) gives the following relationship: 

2 2 2 2 22 cos( ) cos ( ) sin ( )y ry r l      − − + − + − =   (22) 

and 

  
2 2 2 2cos( ) sin ( )y r l r   − − = − −     (23) 

Hence the displacement of the slider 4 can be obtained 

by: 

 2 2 2cos( ) sin ( )y r l r   = − + − −  (24) 

Thus, spring force Fsp will be: 

 0( )spF k y l= −  (25) 

Therefore, the component of spring force Fsp acting on 

the rod 3 is: 

 cosab spF F =  (26) 

where, OBA =  and it be obtained by the law of 

cosines: 

 

2 2 2

arccos
2

y l r

yl


 + −
=  

 
 (27) 

The moment generated by the spring force through the 

rod 3 is: 

 sinsp abM F r =  (28) 

where, BAO =  : 

 
sin( )

arcsin
y

l

 


− 
=  

 
 (29) 

Thus, the unbalanced moment of the whole system is: 

 ( )ub sp GM M M= − +  (30) 

The total unbalanced moment for all the prescribed 

positions is: 

 
( , , , )

i

total

ub ubM M l r
 

 
=

=   (31) 

From the previous part, it can be seen that the values of 

l, r and β depend on input angles and their corresponding 

slider’s positions. And the slider’s positions depend on 

the input angles and the constant potential energy C. 

Hence the total unbalanced moment total

ubM  can be 

described as a function of input angles and constant 

potential energy. Taking into account that the input 
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angles are prescribed, the only variable of the function 
total

ubM  is C. 

For minimizing the total unbalanced moment, the 

following condition should be satisfied for given 

configurations of the gravity balancer: 

 0
total

ubM

C


=


 (32) 

By solving Eq. (32), the constant potential energy C 

can be calculated and then the optimal parameters l, r and 

β of the gravity balancer can be determined. 

V. ILLUSTRATIVE EXAMPLES 

A. Balancing via 3 Prescribed Positions of the Rotating 

Link 

The initial parameters of the rotating link and the 

spring are the following: k=1000 N/m, l0=1 m, G=75 N 

and s=0.84 m. Three prescribed positions of the rotating 

link 2 are the following: φ1=30, φ2=60 and φ3=120.  

From Eq. (32), the constant potential energy has been 

determined: C=184. Thus, by solving the system of linear 

Eq. (16) and considering relationships in Eqs. (17)–(19), 

the three unknown parameters have been determined: 

r=0.132 m; l=0.526 m and β= −0.662. 

With these parameters, the moment of the gravitational 

forces before balancing and the remained moment after 

balancing are shown in Fig. 2(a) and Fig. 2(b). 

 

 
(a) 

 
(b) 

Figure 2.  Moment of the gravitational forces before balancing (a) and 
the remained moment after balancing (b). 

As we can see from these figures, via the proposed 

gravity compensation solution, the maximum value of the 

unbalanced moment has been reduced from 63 Nm to 

2.92 Nm, i.e., 95.37%. 

B. Balancing via n Prescribed Positions of the Rotating 

Link 

The initial parameters of the rotating link and the 

spring are the following: k=1000 N/m, l0=1 m, G=75 N 

and s=0.84 m. The prescribed locations of the rotating 

link 2 were given for n=120 positions between angles 30 

and 150, i.e., with a step of one degree. 

In this case: C=195 and the following parameters of 

the crank-slider mechanism have been obtained: 

r=0.125m; l=0.502m and β=0.08. 

 

 
(a) 

 
(b) 

Figure 3.  Moment of the gravitational forces before balancing (a) and 
the remained moment after balancing (b). 

With these parameters, the moments of the 

gravitational forces before and after balancing have 

shown in Fig. 3(a) and Fig. 3(b). 

The obtained results show that the maximum value of 

the unbalanced moment quite small, about 1.87 Nm, 

which is better than the three given position case. The 

reduction of the moment of the gravitational forces is 

97.03%. 

Thus, one can state with certainty that a quasi-perfect 

balancing has been achieved. 

VI. CONCLUSION 

In this study, an analytically tractable synthesis 

approach to design of the gravity compensator is 

proposed, which is a symbiosis of the geometrical 

synthesis of the proposed linkage and the energetic 

equilibrium of moments due to the gravitational and 

elastic forces. The particularity of the suggested structural 

concept is that the balancing spring is installed vertically 
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on the frame and connected with the rotating link by 

means of an articulated dyad forming a crank-slider 

mechanism. Upon rotation of the link moves the end of 

the spring and changes the length of the spring creating a 

variable balancing moment. Geometric synthesis of the 

linkage allows one to control the optimal displacements 

of the spring providing an efficient balancing moment. 

By selecting three prescribed positions of the rotating link, 

which leads to the three positions of the spring, the 

balancing can be reached by solving a system of three 

linear equations. When the prescribed positions are more 

than three, an optimization algorithm for balancing is 

proposed. The efficiency of the suggested mechanism 

design is illustrated via numerical simulations. By 

selecting three prescribed positions of the rotating link 

has been reached a balancing up to 97.8%, with 120 

prescribed positions of the rotating link 98.6%. The 

numerical example has showed that the analytical 

solution based on the solving of linear equations leads to 

a sufficiently high level of balancing. The increase in the 

prescribed positions led to the improvement of the 

balancing about 0.8%. Such a simple and easily 

applicable balancing approach, which allow one to carry 

out a quasi-perfect balancing, can find a wide application 

in industrial robots. 
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