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Abstract—Control of a self-balancing vehicle is a challenging 

but exciting research topic. The challenge of researching 

self-balancing bicycles is maintaining balance when the bike 

is stationary and when the bike is moving. This paper, 

through analysis and comparison of two-wheeled vehicle 

balancing methods, shows that the method that best meets 

the requirements of the two-wheeled vehicle balance control 

problem is the balancing method using a flywheel stabilizer. 

Compared with the gyroscopic flywheel stabilizer, the 

inverted pendulum flywheel stabilizer has the advantages of 

fast response speed and energy saving, so we choose the 

pendulum flywheel stabilizer to reverse to control the 

balance of the two-wheeler. By modeling and analyzing the 

two-wheel vehicle model, it shows that the vehicle model is 

subjected to uncertainties. Hence, the robust controller is an 

appropriate controller for balancing two-wheel vehicles. 

However, the controller designed according to the robust 

control algorithm RH∞ is often high-order, affecting the 

actual control quality. We proposed using the particle 

swarm optimization (PSO) algorithm to find a low-order 

robust controller from the high-order robust controller. By 

comparing the efficiency of the low-order robust controller 

according to PSO with the high-order robust controller and 

other low-order robust controllers, we have proven the 

correctness of the low-order robust controller according to 

PSO. Simulation results show that a two-wheel vehicle using 

a low-order robust controller according to PSO can stabilize 

the vehicle and give good control quality.  

 

Keywords—Two-wheel self-balancing vehicles, Inverted 

pendulum, Robust controller RH, article swarm 

optimization, Model order reduction 

 

I. INTRODUCTION 

Bicycles (two-wheel vehicles) are a widely used means 

of transport worldwide. It is pretty challenging to balance 

and stabilize the bicycle without a driver. Therefore, the 

self-balancing bicycle is an exciting area of research for 

researchers. The equilibrium state of the bicycle depends 

on its speed [1]. When the bicycle is stationary, it is 
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considered an unstable model. The bicycle can achieve 

stable equilibrium [1] under certain conditions when it is 

moving forward [1]. Different models are used to model 

bicycles, such as linear and nonlinear models [1]. Many 

other solutions have been proposed to solve the balancing 

problem of bicycle without a driver, in which it can be 

categorized into two groups: with or without a stabilizer. 

Controlling the vehicle's steering angle [2-6] is the 

most typical method of balancing a two-wheel vehicle 

without a stabilizer. The control system will change the 

vehicle's steering angle in conjunction with the vehicle's 

moving state to generate centrifugal force to maintain the 

vehicle's equilibrium. This method has the advantage that 

there is no need to add a stabilizer, but the downside is 

that it is impossible to maintain balance while the vehicle 

is stationary. 

There are many solutions to the design of stabilizers 

for self-balancing two-wheelers. This solution can use a 

flywheel in studies [7-11] or use two flywheels in studies 

[12-14]. The stabilizer uses a flywheel according to the 

gyroscope principle [7-14]. In this method, the flywheel 

rotates at high speed to accumulate energy; then, the 

control system will control the angle of the flywheel to 

generate force that helps maintain the vehicle's 

equilibrium. The advantages of this method are fast 

response and a large balancing force. 

A balancer in the form of a repositionable weight has 

been introduced in [15]. In [15], by adding weight and 

changing the position of the weight on the vehicle, the 

vehicle's center of gravity is changed to create a state of 

equilibrium for the vehicle. This method helps the vehicle 

maintain equilibrium when stationary and when the 

vehicle is in motion. But adding heavy objects to the 

vehicle, it will increase the size and weight of the vehicle 

and the response speed of the system is often slow. To 

help the system have a faster response speed, in [16-17], 

replace the weight with a flywheel. By changing the 

flywheel's structure, the vehicle's center of gravity also 

changes, thereby helping the vehicle maintain a state of 

balance.  
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In [18-23], the balancer uses a flywheel based on the 

inverted pendulum principle. By controlling the rotation 

of the flywheel, the control system will create a force to 

balance the gravity of the vehicle, which will help the 

vehicle balance stably. The basic feature of this method is 

that the flywheel speed is slow, so the power 

consumption of the flywheel is low, and the response 

speed of the control system is fast. However, the value of 

the balancing force of the system is not large, so the 

range of tilt angle to maintain the balance of the vehicle is 

small. To expand the range of tilt angle, the study [24] 

combined the center of gravity change method and the 

method of steering angle control. 

This paper uses the flywheel based on the inverted 

pendulum principle to build a self-balancing two-wheel 

model. In terms of control, there are many different 

methods, such as PD control [21], PID control [17-19], 

LQG and MPC control [21], and robust control [22]. The 

analysis of balancing solutions for two-wheel vehicles 

shows that each method has its advantages and 

disadvantages. When the vehicle is operating in reality, 

the vehicle will be affected by some uncertain factors, 

such as load, noise, external force, etc., so the vehicle 

model can be considered an uncertain model [10]. 

Therefore, robust optimal control is a potential solution.  

This study introduces a two-wheel vehicle balance 

control system using a robust optimal algorithm. 

However, the stable optimal controller usually has high 

order [27-32].  

Design a low-order stable controller for two-wheeled 

vehicles proposed in the reference [11]. It was suggested 

to use the PSO algorithm to find a low-order controller 

satisfying the requirements of sustainable control. In the 

study [30-33], a high-order controller was designed to 

meet the needs of sustainable rules. Then it was proposed 

to use the pole-conserving order reduction algorithm to 

simplify the controller. The study [34] suggests using 

algorithms based on balanced truncation and all-order 

reduction for high-order controllers. 

Considering the problem of model order reduction, in 

addition to order reduction algorithms, it is also possible 

to use optimal order reduction algorithms. However, in 

the problem of order reduction of the high-order optimal 

controller for self-balancing two-wheelers, there have 

been no studies using optimal order reduction algorithms. 

Many optimization algorithms can be used to determine 

the optimal low-order controller, such as Genetic 

Algorithm (GA), PSO, and Ant colony optimization 

(ACO) algorithm... The advantage of the PSO algorithm 

is the ability to search within a given availability area. 

The PSO algorithm does not require a detailed 

mathematical description, and it is easy to find the best 

possible value by optimizing the objective function and 

high computational efficiency. The disadvantage of the 

PSO algorithm is that the accuracy is not high, and the 

sensitivity is different. 

Therefore, in this paper, we propose to use the PSO 

algorithm to reduce the order of the high-order stable 

controller of the two-wheeled vehicle balance control 

system. Identifying the low-level controller (by the PSO 

algorithm) will simplify the control programming code, 

reduce the response time, and help meet the system's real-

time control requirements. 

The layout of the article is as follows: Mathematical 

models of vehicles and high-order robust controllers are 

presented in Section 2. Next, Section 3 introduces the 

PSO algorithm and the steps to determine the parameters 

of the low-order robust controller according to the PSO 

algorithm. Then, section 4 presents the simulation results 

of the control system using reduced-order controllers and 

the original controller. Section 5 is the conclusion of the 

paper. 

II. DYNAMIC MODEL, MATHEMATICAL MODEL, AND 

ROBUST CONTROL OF TWO-WHEEL SELF-BALANCING 

VEHICLES 

A. Dynamic Model and Mathematical Model of Two-

wheel Self-balancing Vehicles 

A bicycle model designed to be able to move forward 

and backward, maintaining self-equilibrium in [33] is 

shown in Fig. 1 as follows: 

 

Figure 1.  Self-balancing two-wheel vehicle model [36] 

The vehicle's balance system is built on the principle 

of an inverted pendulum. Accordingly, the electric motor 

will provide motion to the flywheel so that the flywheel 

rotates around the axis with acceleration   to create 

torque. This torque will balance with gravity to help the 

vehicle maintain equilibrium. Details of the vehicle 

configuration are presented in [33]. 

Using the Lagrange equation [8] and the linearization 

method around the equilibrium point ( 0 = = , 

sin = ), with the assumption that the tilt angle of the 

vehicle is minimal ( 010  ), the model of the vehicle is 

described as follows [33]: 
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Applying the vehicle's parameters in Table I and 

transforming the state space model into a transfer 

function representation, we get: 

TABLE I.  THE PARAMETERS OF VEHICLE MODEL [33] 

Parameters Value Unit Meaning 

bI  0.1105 Kg.m2 Moment of inertia 
of the vehicle 

bh  0.105 m Height of center of 

gravity of the 
vehicle 

fI  
0.03289 Kg.m2 Moment of inertia 

of the flywheel 

fh  
0.205 m Height of center of 

gravity of the 
flywheel 

bm  
10.024 Kg Mass of the 

vehicle (excluding 
flywheel) 

fm  
3.976 Kg Mass of the 

flywheel 

eT  0.045 V.s/Rad Electric motor 
constant 

mT  0.045 Nm/A Motor torque 

constant 

R  0.52  Motor resistance 

g  9.81 m/s2 Gravity 

acceleration 

 

( )
3 2

( ) 0.223

( ) 0.1284 47.2 5.589

s s
s

s s s s

−
= =

+ − −

α
W

U
         (1) 

B. Robust Controller for Two-wheel Self-balancing 

Vehicles 

The structure of the vehicle balance control system is 

shown in Fig. 2 as follows: 

 

Figure 2.  The structure of the vehicle balance control system [33] 

Designing a powerful controller according to the 

control design process in [31-32] for the vehicle 

balancing system, we obtain the following controller: 
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Because the programming code of the 30th-order 

controller is complex, the control system will have a slow 

response rate which may cause the vehicle to fail to 

maintain equilibrium. To simplify the program code, we 

try simplifying the controller of order 30. The objective 

of the controller simplification problem is: the controller's 

order is as small as possible; The control system when 

using a low-level controller, still ensures stable vehicle 

balance. 

For the controller simplification problem, there are two 

basic solutions as follows: 

Solution 1: Determine the low-order controller from 

the high-order controller using the order reduction 

algorithm. The selected low-order controller will be the 

controller with the lowest order in which the control 

system, when using the controller, still meets the 

requirements of maintaining vehicle stability. 

Solution 2: Apply optimization algorithms to 

determine the parameters of a low-order controller with a 

fixed structure so that the low-order controller's response 

coincides with the high-order controller's response. 
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Figure 3.  Two solutions for designing low-order controllers for bicycle 
model 

In this paper, we choose Solution 2 to simplify the root 

controller. We compare and evaluate the low-order 

controllers by both methods to choose a suitable low-

order controller. 

III. ORDER REDUCTION OF THE HIGH-ORDER ROBUST 

CONTROLLER USING THE PSO  

Swarm optimization is a random search algorithm 

based on simulating the behavior and interaction of flocks 

of birds or schools of fish looking for food [38]. Each 

bird (or individual element) in the flock (population) is 

characterized by two components, the position vector xi 

and the velocity vector (displacement) vi. Each individual 

has a fitness value evaluated by the fitness function. 

Initially, the PSO is initialized with random position and 

velocity vectors. Then, in each iteration of the algorithm, 

the velocity the position vectors of each individual will be 

updated according to formulas (5) and (6). Also, at each 

iteration (every time moving in d-dimensional space), 

each individual is affected by two pieces of information.  

The first information is the best position it has 

achieved so far, best_id P  . The second information is the best 

position in all the search processes of individuals in the 

population so far, 
bestG . The modeling of updating each 

individual's position according to its best position and 

that of all individuals in the population up to the present 

time is illustrated in Fig. 4. 

 

Figure 4.   Graph illustrating a search point using PSO 
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k 1 k k 1

id id idx x v+ += +                        (3) 

( )max min

max

*

iter_max

k
k  

 
−

= −                   (4) 

Each th id − individual is a vector  
1 2, , , d

i id id idP p p p =    and its corresponding
best_idP  is 

calculated as below: 
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The value of 
best G at the iteration k is: 

( )best best G min
id

kP=            (6) 

In which: 
k

idX  and k

idV  is the current position and velocity of 

individual id at iteration k. The limit of velocity is 

defined in the domain [-Vmax, Vmax], where Vmax is a 

user-defined constant; 

ω is the time-varying inertia weight, chosen as 

presented in [38], which linearly decreases from 0.9 to 

0.4 according to (4). 

c1  and c2 are two learning factors used to control the 

influence of social and cognitive components, defined as 

[38], i.e., c1=c2=2. 

PSO-based order reduction 

In this study, we reduce the order of the transfer 

function (*) from 30 to 4, that is, A(s) and B(s) have a 

maximum degree of 4. 

The coefficients of A(s) and B(s) are ai and bi, 

respectively. The fourth order transfer function has the 

following form: 

4 3 2

4 3 2 1 0

4 3 2

4 3 2 1 0

( )
a s a s a s a s a

H s
b s b s b s b s b

+ + + +
=

+ + + +
                (**) 

According to (**), ten variables need to be optimized. 

The trial and error method determines the search domain 

for these variables. The objective function is selected 

according integrates the absolute error (IAE) index as 

1

 fitness | ( ) | min
n

k

e k
=

= →                       (7) 

where e(k) is the error at time sample k,n is the total 

number of data samples of a simulation run.  

The particle swarm() function has been supported for 

optimization in Matlab Toolbox according to the PSO 

algorithm. In this study, we use the existing particle 

swarm() process and follow the following algorithm: 

We obtained the following results by conducting a 

parameter search of the 4th-order controller according to 

the flowchart of Fig. 5: 
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Figure 5.  Flowchart of implementation according to PSO algorithm 

a4= -1.498×106; a3= -3.54567×107; a2= -7.32×108 ; a1= 

-3.66749×108; a0= -1.51109×107 

b4= 1.1966; b3= 471.218; b2= 12252; b1= -872.448; b0= 

987.251 

Substituting the coefficients ai and bi into the formula 

(**), we obtain the transfer function of the 4th-order 

controller as follows: 

6 4 7 3 8 2

8 7

4 3 2

1.498 10 3.54567 10 7.32 10

3.66749 10 1.51109 10
( )

1.1966 471.218 12252

872.448 987.251

s s s

s
H s

s s s

s

−  −  − 

−  − 
=

+ +

− +

 

IV. PSO CONTROLLING A TWO-WHEEL SELF-BALANCING 

VEHICLE USING A ROBUST LOW-LEVEL CONTROLLER 

The response of the two-wheel self-balancing vehicle 

control system is shown in Fig. 6 and Fig. 7. 

 

Figure 6.  Tilt angle response of the vehicle control system using the 4th 
order controller according to the PSO algorithm and the 30th order 

controller 

Comment: From Fig. 6, the 4th-order controller, 

according to the PSO algorithm, can balance the two-

wheel vehicles. The vehicle control system using the 4th-

order controller has shorter transient times and less 

oscillation than the control system using the original 

controller. However, the overshoot of the control system 

using the 4th-order controller is larger than that of the 

vehicle control system using the original controller. 

To evaluate the efficiency of the reduce-order 

controller, we simplify the high-order controller 

according to Solution 1 by the balanced truncation 

algorithm (balancmr) [35,37] and the balanced stochastic 

truncation algorithm (bstmr) [36]. 

TABLE II.  4TH-ORDER CONTROLLERS ACCORDING TO SOLUTION 1 

Order reduction 

algorithm 

 

The transfer function of the 

reduced order controller – Rr(s) 

Balanced truncation 

model reduction 
(balancmr) in 

[35,37] 

4 4 4 3

5 2 5

5

4 3

2 -14

-17

4.531 10 8.686 10

4.417 10 4.32 10

1.986 10

199.9

158.7 2.782 10

2.132 10

s s

s s

s s

s s

−  − 

−  − 

− 

+

− − 

− 

 

Balanced stochastic 

truncation model 

reduction (bstmr) in 
[36] 

4 4 4 3

5 2 5

5

4 3

2 -14

-15

4.531.10 7.535.10

4.479.10 4.342.10

1.985.10

199.5

158.4 3.556.10

1.31.10

s s

s s

s s

s s

− −

− −

−

+

− −

−

 

 

 

Figure 7.  Tilt response of the vehicle control system using 4th and 
30th-order controls 

Comment: From Fig. 7, it can be seen that the control 

system using the 4th order controller according to the 

balanced truncation algorithm cannot maintain the 

vehicle balance. The control system uses a 4th-order 

controller according to the balanced stochastic truncation 

algorithm, and the PSO algorithm is capable of 

maintaining vehicle balance. 

The control system using the 4th order controller (PSO 

algorithm) has better response quality than the control 

system using the 4th order controller (bstmr algorithm). 

By comparing and evaluating the reduced order 

controllers according to Solution 1 and Solution 2, we 

choose the 4th order controller according to the PSO 

algorithm to replace the original controller. 

V. CONCLUSION 

Designing a robust controller for a self-balancing two-

wheel vehicle balancing system using flywheels 

according to the principle of an inverted pendulum 

obtained a 30th-order controller. Using a 4th-order 
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controller  to control the two-wheeled vehicle balancing 

system shows that the system ensures stable balance. 

Using the PSO optimization algorithm, we determined 

that a 4th-order controller can replace a 30th-order 

controller. The simulation results also show that: The 

response quality of the control system when using the 

4th-order controller, according to PSO, is better than 

when using the 30th-order controller and other 4th-order 

controllers. The paper results show that the solution using 

the PSO optimization algorithm to determine the 

parameters of the low-order controller is feasible and 

highly effective compared to other order reduction 

algorithms. The contribution of this paper is to develop a 

method to design a low-order optimal controller for a 

two-wheeled vehicle balance control system using the 

PSO algorithm. In the next study, we will use many 

different optimization algorithms to identify low-order 

controllers and evaluate the efficiency of low-order 

controllers in accurate control systems. 
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